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Abstract. Starting from the classical notion of an oriented congruence (i.e. 
a foliation by oriented curves) in M'^, we abstract the notion of an oriented 
congruence structure. This is a 3-dimensional CR manifold (M, H, J) with a 
preferred splitting of the tangent space TM = V ® H. We find all local invari- 
ants of such structures using Cartan's equivalence method refining Cartan's 
classification of 3-dimensional CR structures. We use these invariants and per- 
form Fefferman like constructions, to obtain interesting Lorentzian metrics in 
four dimensions, which include explicit Ricci-fiat and Einstein metrics, as well 
as not conformally Einstein Bach-flat metrics. 
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1. Introduction 

We study the local differential geometry of oriented congruences in 3-dimensional 
manifolds. This geometry turns out to be very closely related to local 3-dimensional 
CR geometry. The latter can be traced back to Elie Cartan's 1932 papers |3j, in 
which he used his equivalence method to determine the full set of local invariants 
of locally embedded 3-dimensional strictly pseudoconvex CR manifolds. 

This paper should be regarded as an extension and refinement of Cartan's work. 
This is because a 3-dimensional manifold with an oriented congruence on it is an ab- 
stract 3-dimensional CR manifold with an additional structure: a preferred splitting 
(see Section [31). This leads to a notion of local equivalence of such structures, which 
is more strict that than of Cartan. Hence the (coarse) CR equivalence classes of 
Cartan split into a fine structure] as a result we produce many new local invariants, 
corresponding to many more nonequivalent structures than in Cartan's situation. 

From this perspective, our paper may be also placed in the realm of special 
geometries, i.e. geometries with an additional structure. These kind of geometries, 
such as, for example, special Riemannian geometries (hermitian, Kahler, G2, etc.), 
find applications in mathematical physcis (e.g. string theory). The starting point 
of this paper also comes from physics: a congruence in (i.e. a foliation of 
by curves) is a notion that appears in hydrodynamics (velocity flow), Newtonian 
gravity and electrodynamics (fleld strength lines) . These branches of physics have 
distinguished the two main invariants of such foliations, which are related to the 
classical notions of twist and shear. One of the byproducts of our analysis is also a 
refinement of these physical concepts. 

Contemporary physicists, because of the dimension of spacetime, have been 
much more interested in congruences in four dimensions. Such congruences live 
in Lorentzian manifolds, and as such, may be timelike, spacelike or null. It turns 
out that the null congruences in spacetimes, which are tangent to unparametrized 
geodesies without shear, locally define a 3-manifold, which has a CR structure on it. 
One of the outcomes of this paper is that we found connections between properties 
of four dimensional spacetimes admitting null and shearfree congruences, with their 
corresponding three dimensional CR manifolds, and our new invariants of the clas- 
sical congruences in three dimensions. In Sections [TO] and [TTl in particular, we use 
these three dimensional invariants, to construct interesting families of Lorentzian 
metrics with shearfree congruences in four dimensions (including metrics which are 
Ricci flat or Einstein, Bach flat but not conformal to Einstein, etc.). 

Throughout the paper we will always have a nondegenerate (not neccessarily 
Riemannian) metric gij and its inverse g'^ . This enables us to freely raise and 
lower indices at our convenience. We use the Einstein summation convention. We 
also denote by ujiuj2 — 5(^1 cj2 + "^^2 O i^i) the symmetrized tensor product of 
two 1-forms uji and uj2- In this paper we shall be working in the smooth category; 
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i.e., everything will be assumed to be C'°° , without mentioning it expHcitly in what 
follows. 

A large part of the paper is based on lengthy calculations, which are required 
by our main tool, namely Cartan's equivalence method. These calculations were 
checked by the symbolic calculation program Mathematica. The structure of the 
paper is reflected in the table of contents. 

We have been inspired by our contact with Andrzej Trautman, .Jacek Tafel and 
Jerzy Lewandowski, whom we thank warmly. We also thank the Mathematisches 
Institute der Humboldt-Universitat zu Berlin, and Ilka Agricola and Jiirgen Leit- 
erer, in particular, for their kind hospitality during the preparation of this paper. 

2. Classical twist and shear 

In a simply connected domain U of Euclidean space M.^ , equipped with the flat 
metric gij = Sij, we consider a smooth foliation by uniformly oriented curves. Let v 
be a vector fleld v ~ v'^Vi tangent to the foliation, consistent with the orientation. 

We denote the total symmetrization by round brackets on the indices, the total 
antisymetrization by square brackets on the indices, and use Cijk = ^[ijk], £123 = 1- 
We have the following classical decomposition 

(2.1) "^iVj = aij + aij + l0g.ij, 

where 

aij = = ieyfe(curl v)'', 

~ g^^ViVj ~ div V, 

The decomposition l|2.ip defines three functions, depending on the choice of v, which 
can be used to characterize the foliation. One of these functions is the divergence 
6, also called the expansion of the vector field v. It merely characterizes the vector 
field V, hence it is not interesting as far the properties of the foliation is concerned. 
The second function is 

a = |ayl = \/ g^'^g^'-aijaki, 

the norm of the antisymmetric part a^ , called the twist of the vector field v. 

Vanishing of twist, the twist-free condition a = 0, is equivalent to curl v = 0. 
Although this condition is v-dependent, it has a clear geometric meaning for the 
foliation. Indeed, a vector field v with vanishing twist may be represented by a 
gradient: v = V/ for some function f : U R. In such a case the level surfaces 
of the function / define a foliation of U with 2-dimensional leaves orthogonal to v. 
This can be rephrased by saying that the distribution of 2-planes, perpendicular 
to V, is integrable. 

The third function obtained from the decomposition (|2.ip is 

cr = \a^J \ = yg^V^ox^o^, 

the norm of the trace-free symmetric part , called the shear of the vector field v. 

Regardless of whether or not V"'- is integrable, the condition of vanishing shear 
cr = is equivalent to ^{iVj) — ■^(^9ij- Recalling that the Lie derivative C^gij = 
\/(iVj), we see that the shear-free condition for v is the condition that this Lie 
derivative be proportional to the metric. Thus cr = if and only if £v5y = hgij. 
This condition again is v dependent. However, it impHes the following geometric 
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property of the foliation: the metric g^x!± induced by gij on the distribution V 
is conformally preserved when Lie transported along v. To say it differently we 
introduce a complex structure J on each 2-plane of V''". This is possible since 
each such plane is equipped with a metric ^iv^ and the orientation induced by the 
orientation of v. Knowing this, we define J on each 2-plane as a rotation by ^, 
using the right hand rule. Now we can rephrase the statement about conformal 
preservation of the metric ^iv^ during Lie transport along v, by saying that it is 
equivalent to the constancy of J under the Lie transport along v. 

The above notions of expansion, twist and shear are the classical notions of 
elasticity theory. As we have seen, they are not invariants of the foliation by curves, 
because they depend on the choice of the vector field v. Nonetheless they do carry 
some invariant information. One of the main purposes of this paper is to find all of 
the local invariants of the intrinsic geometry associated with such foliations. With 
this classical motivation we now pass to the subject proper of this paper. 

3. Oriented congruences 

Consider a smooth oriented real 3-dimensional manifold M equipped with a 
Riemannian metric g. Assume that M is smoothly foliated by uniformly oriented 
curves. Such a foliation is called an oriented congruence. Note that we are not 
assuming that the curves in the congruence are geodesies for the metric g. 

Our first observation is that M has the structure of a smooth abstract CR 
manifold. To see this we introduce the oriented fine bundle V, a subbundle of 
TM, consisting of the tangent lines to the foliation. Using the metric we also 
have V"*" , the 2-plane subbundle of TM consisting of the planes orthogonal to the 
congruence. These 2-planes are oriented by the right hand rule and are equipped 
with the induced metric g\\;±. Hence V"'' is endowed with the complex structure 
operator J as we explained in the previous section. The pair (V""", J), by the very 
definition, equips M with the structure of an abstract 3-dimensional CR manifold. 
This CR manifold has an additional structure consisting in the prefered splitting 
TM = © V. It also defines an equivalence class [g] of adapted Riemannian 
metrics g' in which g'(V,V^) = and such that g'^y± is hermitian for J. Thus, 
an oriented congruence in (M, g) defines a whole class of Riemannian manifolds 
(M, [g]) which are adapted to it. 

Conversely, given an oriented abstract 3-dimensional CR manifold (Af , H, J) 
with a distinguished line subbundle V such that V Ci H = {0}, we may reconstruct 
the oriented congruence. The curves of this congruence consist of the trajectories 
of V. They are oriented by the right hand rule applied in such a way that it agrees 
with the orientation of H determined by J. Here .J : H H and = —id. 
Since TM = if V we recover also the equivalence class [g] of adapted Riemannian 
metrics g' in which g{V,H) = and such that g'^fj is hermitian for J. 

We summarize with: let M be an oriented 3-dimensional manifold, then 

Proposition 3.1. There is a one to one correspondence between oriented congru- 
ences on M with a distinguished orthogonal distribution V^, and CR structures 
{H, J) on M with a distinguished line subbundle V such that TM ~ H ®V . 

We now pass to the dual formulation. Given a CR structure (iJ, J) with a 
prefered splitting TM = i7 V, we define to be the anihilator of H and V° to 
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be the anihilator of V. Note that i?" is a real line subbundle of T*AI and V° is a 2- 
plane subbundle of T*Af. This i?" is known as the characteristic bundle associated 
with the CR structure. is equipped with the complex structure J*, the adjoint 
of J with respect to the natural duality pairing. The complexification CV° splits 
into CV*^ = V'l', ® , where V^. are the =Fz eigenspaces of J* . Both spaces are 
complex line subbundles of the complexification CT*M of the cotangent bundle, 
is the complex conjugate of V^., Vj. = V^. 

The reason for passing to the dual formulation is that we want to apply Cartan's 
method of equivalence to determine the local invariants of an oriented congruence 
in M. For this we need a local nonzero section A of and a local nonzero section 
fi of V^.. Then X A A p, ^ 0. Any other local section A' of i?" and any other local 
section /i' of Vl are related to A and /i by A' = /A and /i' = h^, for some real 
function / and some complex function h. This motivates the following definition: 

Definition 3.2. A structure (M, [A, ^]) of an oriented congruence on a 3-dimensional 
manifold M is an equivalence class of pairs of 1-forms [A, /z] on M satisfying the 
following conditions: 

(i) A is real, ^ is complex 
(a) A A /X A /I ^ at each point of Af 

(Hi) two pairs (A,/i) and (A',/i') are equivalent iff there exist nonvanishing func- 
tions / (real) and h (complex) on M such that 

(3.1) A' = /A, /i' = hii. 

We say that two such structures (Af, [A, ^]) and {M', [A', /i']) are (locally) equivalent 
iff there exists a (local) diffeomorphism 4> : M ^ A/' such that 

(3.2) 0*(A')=/A, 0*(/x') = V 

for some nonvanishing functions / (real) and h (complex) on M . If such a diffeo- 
morphism is from M to M it is called an automorphism of (A/, [A, /x]). The full 
set of automorphisms is called the group of automorphisms of (A/, [A, ji]). A vector 
field X on M is called a symmetry of (A/, [A,^]) iff 

CxX = /A, Cx^J'■ ~ hji. 

Here the functions / (real) and h (complex) are not required to be nonvanishing; 
they may even vanish identically. Observe, that if X and Y are two symmetries of 
(Af, [A,^]) then their commutator [A", F] is also a symmetry. Thus, we may speak 
about the Lie algebra of symmetries. 

Remark 3.3. Note that E. Cartan [3] would define a 3-dimensional CR manifold as 
a structure (Af, [A, /x]) as above, with the exception that condition (Hi) is weakend 
to 

two pairs (A,/i) and (A',/i') are equivalent iff there exist nonvanishing func- 
tions / (real) and h (complex) and a complex function p on M such that 

A' = /A, ^' = + pX. 

In this sense our structure of an oriented congruence (A/, [A, /i]) is a CR manifold 
on which there is an additional structure. In particular the diffeomorphisms 4> that 
provide an equivalence of our structures are special cases of CR diffeomorphisms, 
which for CR structures defined a la Cartan by {iii)cR are (j) : M ^ M' such 
that (/)*(A') ~ /A, (/'*(/x') = hfi + pX. In terms of the nowadays definition of a CR 
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manifold as a triple (Af, H, J) , this last Cartan condition is equivalent to the CR 
map requirement: d(f) o J ~ J o dcf) and similarly for (f>~^ . 

Remark 3.4. Two CR structures which are not equivalent in the sense of Cartan [3] 
are also not equivalent, in our sense, as oriented congruences; but not vice versa. 
On the other hand, every symmetry of an oriented congruence (M, [A,/i]) is a CR 
symmetry of the CR structure determined by [A,/i] via {iii)cR\ ctnd not vice versa. 

We omit the proof of the following easy proposition. 

Proposition 3.5. A given structure {M, [A, /i]) determines a CR structure {M, H, J) 
with the preferred splitting TM = H (BV, where H is the annihilator of Spans^{X) 
and CV is the annihilator of Spancin) ® Spanc{p,). The class of adapted Rieman- 
nian metrics [g] is parametrized by two arbitrary nonvanishing functions f (real) 
and h (complex) and given by 

g = fX^ + 2\h\'fxfl. 

4. Elements of Cartan's equivalence method 

Here we outline the procedure we will follow in applying Cartan's method to our 
particular situation. 

4.1. Cartan invariants. Consider two structures (M, [A, /i]) and (M', [A', ^']). 
Our aim is to determine whether they are equivalent or not, according to Defi- 
nition [321 equation l|3.2p . This question is not easy to answer, since it is equivalent 
to the problem of the existence of a solution (j) for a system l|3.2p of linear first 
order PDEs in which the right hand side is undetermined. Elie Cartan associates 
with the forms (A,^,^) and (A',//',/!'), representing the structures, two systems of 
ordered coframes {^i} and {^i} on manifolds P and P' of the same dimension, say 
n > 3, which are fiber bundles over M. Then he shows that equations like l|3.2p for 
4> have a solution if and only if a simpler system 

(4.1) = i==l,2,...,n 

of differential equations for a diffeomorphism ^ : P ^ P' has a solution. Note that 
derivatives of $ still occur in l|4.ip . since is the pullback of forms from P' to P. 

One famous example is his original solution to the equivalence problem for 3- 
dimensional strictly pseudoconvex CR structures. There P and P' are 8-dimensional, 
and his procedure produces two systems of eight linearly independent 1-forms {51^} 
and {Vt[}. 

In our situation, provided n < oo, and if we are able to find n well defined 
linearly independent 1-forms {fii} on P, then (P, {fii}) provides the full system of 
local invariants for the original structure (Af, [A, /i]). In particular, using [P, {Vti}) 
one introduces the scalar invariants, which are the coefficients {Ki} in the decom- 
position of {dfii} with respect to the invariant basis of 2-forms {$7^ A fij}. 

Now in order to determine if two structures (Af, [A, /x]) and [M' ,[\' , p!]) are 
equivalent, it is enough to have n functionally independent {Ki}. Then the condi- 
tion (|4.ip becomes 

(4.2) ^*K'i^Ki, /= l,2,...,7i. 

The advantage of this condition, as compared to (|4.ip . is that (|4.2p . being the pull 
back of functions, does not involve derivatives of In this case the existence of $ 
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becomes a question involving the implicit function theorem, and the whole problem 
reduces to checking whether a certain Jacobian is non-degenerate. 

We remark that an immediate application of the invariants obtained by Car- 
tan's equivalence method is to use them to find all the homogeneous examples 
of the particular structure under consideration. The procedure of enumerating 
these examples is straightforward and algorithmic once the Cartan invariants have 
been determined. In our situation the homogeneous examples will often have local 
symmetry groups of dimension three. The 3-dimensional Lie groups are classified 
according to the Bianchi classification of 3-dimensional Lie algebras [1]. Since we 
will use this classification in subsequent sections, we recall it below. 

4.2. Bianchi classification of 3-dimensional Lie algebras. In this section 
Xi, X2, X3 denote a basis of a 3-dimensional Lie algebra g with Lie bracket [•,•]. 
All the nonequivalent Lie algebras fall into Bianchi types /, //, VIq, VIIq, VIII, 
IX, V, IV, Vlh, Vllh- Apart from types Vlh and VI In, there is always precisely 
one Lie algebra corresponding to a given type. For each value of the real param- 
eter h < there is also precisely one Lie algebra of type Vlh- Likewise for each 
value of the parameter h > there is precisely one Lie algebra of type Vllh ■ The 
commutation relations for each Bianchi type are given in the following table. 



Bianchi type: 


/ 


II 


VIo 


Vlh 


VIII 


IX 


[^1,^2] = 














-X3 


Xz 


[^3,^1] = 








-X2 


X2 


X2 


X2 


[^2,^3] = 





Xi 


Xi 


Xi 


Xi 


Xi 


Bianchi type: 


V 


IV 


Vlh 


Vllh 






[^1,^2] = 


















[^3,^1] = 


Xi 


Xi 


-X2 + hXi 


X2 + hXi 






[^2,^3] - 


~X2 


Xi — X2 


Xi - hX2 


Xi - hX2 







Note that Bianchi type I corresponds to the abelian Lie group, type II cor- 
responds to the Heisenberg group; types VIII and IX correspond to the simple 
groups: SO(l,2), SL(2,M) for type VIII, and SO(3), SU(2) for type IX. 

5. Basic relative invariants of an oriented congruence 

We make preparations to apply the Cartan method of equivalence for finding 
all local invariants of the structure of an oriented congruence {M, [X, n]) on ^ 3- 
manifold M. 

Given a structure (M, [A, fj]) we take representatives A and ^ of 1-forms from the 
class [A, fi]. Since (A, /x, jl) is a basis of 1-forms on M we can express the differentials 
dA and d/i in terms of the corresponding basis of 2-forms (/i A /i, /i A A, /2 A A). We 
have 

dA = iafi A fi + b^i A X + bp, A X 
(5.1) d/i = A fl + qi-i A X + sfi A X 

d/i = — p/i A /i + s// A A + gyU A A, 

where a is a real valued function and b,p, q, s are complex valued functions on M. 
Given any function u on AI we define first order linear partial differential operators 
acting on u by 

du = uxX + Ufj_fi + Up^ft. 
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Note that ux is a real vector field acting on w, is a complex vector field of type 
(1,0) acting on u and is a complex vector field of type (0,1) acting on u. The 
commutators of these operators, when acting on u are 

UfLfi - Ufifi = -iaux - pu^ + pUfi 

(5.2) - u^A = -bux - qu^ - su^ 
uxfL - Ufix = -bux - su^ - qup. 

A function u on a CR manifold (M, [A, p]) is called a CR function if 

(5.3) du/\X/\n = 0. 

In terms of the differential operators above this is the same as 

(5.4) u-^ = 0. 

Thus Up, is just the tangential Cauchy-Riemann operator acting on u. The equation 
(|5.3|) or (|5.4p is called the tangential Cauchy-Riemann equation. 
It is easy to see that each of the following two conditions 

(5.5) dAAA^O, 

is independent of the choice of the respresentatives (A,^) from the class [A,/^]. 
Thus the identical vanishing or not of either the coefficient a, or the coefficent s, is 
an invariant property of the structure (M, [A,/^]). Using Cartan's terminology the 
functions a and s are the basic relative invariants of (M, [A,/^]). By definition they 
correspond to the identical vanishing or not of the twist (the function a) and of the 
shear (the function s) of the oriented congruence represented by (M, [A,//]). 

They are invariant versions of the classical v-dependent notions of twist a and 
shear a we considered in Section [H Given an oriented congruence with vanishing 
twist a in M = K'^ we can always find a vector field v tangent to the congruence such 
that the twist a for this vector field is zero. We also have an analogous statement 
for s and a. Conversely, every vector field v in which has vanishing twist a (or 
shear a) defines an oriented congruence with vanishing twist a (or shear s). 

We note that the twist a is just the Levi form of the CR structure and that the 
shear s is now complex; its meaning will be explained further in Section [8l 

In what follows we will often use the following (see e.g. [12] ) 

Lemma 5.1. Let ^ he a smooth complex valued 1-form defined locally in K."^ such 
that /Lt A /2 7^ 0. Then 

d/i A /i = if and only if fi — hd^ 

where C is a smooth complex function such that dC A d^ ^ 0, and h is a smooth 
nonvanishing complex function. 

Proof. Consider an open set C/ G R'^ in which we have fj, such that d/i A /.( = 
and iJ, A fL ^ 0. We define real 1-forms 6^ = Re(//) and 9^ = Im(^). They satisfy 
6*1 A V in C/- Since U cR^we trivially have d0^ A9^ A9^ = and dO"^ AO^ AO^ = 
0. Now the real Frobenius theorem implies that there exists a coordinate chart 
(x, y, u) in U such that 9^ = tudx + ti2dy and 9"^ = t2idx + t22dy, with some real 
functions in U such that tiit22 ~ ^12^21 7^ 0. Thus in the coordinates (x, y, u) 
the form fi = 9^ + i9^ can be written as /i = cidx + C2dy, where now ci, C2 are 
complex functions such that C1C2 — C1C2 7^ on ?7, so neither ci nor 02 can be 
zero. The d/x A /i = condition for /i written in this representation is simply 
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c|d(|^) A dx A = 0. Thus the partial derivative (f^)u = 0, which means that the 
ratio ^ does not depend on u. This ratio defines a nonvanishing complex function 
F{x,y) = ^ of only two real variables x and y. Returning to ^ we see that it is 
of the form /i = C2(dy + F{x,y)Ax^ . Consider the real bilinear symmetric form 
G = 2np. = |c2p(^dy^ + 2{F{x,y) + F{x,y))dxdy + \F{x,y)\'^dx'^y Invoking the 
classical theorem on the existence of isothermal coordinates we are able to find 
an open set U' C U with new coordinates u) in which G = /i^(d^^ + dr]^), 
where h = h{£,,ri,u) is a real function in U' . This means that in these coordinates 
H = hd{£, + irf) = hdC,. The proof in the other direction is obvious. □ 

6. VANISHING TWIST AND SHEAR 

Let us assume that the structure (M, [A,/^]) satisfies both conditions l|5.5p : i.e., 
that a = and s = 0. It is easy to see that all such structures have no local 
invariants, meaning that all of them are locally equivalent. Indeed, if dA A A = 
then the real Frobenius theorem guarantees that locally A = fdu. Similarly, if 
d/i A /.J = 0, then the Lemma 15.11 assures that ^ = hdC,. Since dC, /\ \ /\ ii = 0, 
we see that the function C is a holomorphic coordinate. Recalling the fact that 
X A fj, A ^ 0, we conclude that if a = and s = then the CR manifold M 
with the prefered splitting is locally equivalent to R x C, with local coordinates 
(w, C), such that u is real. In these coordinates the structure may be represented 
by A = dit and fj, = d^. The local group of automorphisms for such structures is 
infinite dimensional and given in terms of two functions U = U{u) and Z = Z{C) 
such that U is real, Uu ^ 0, Z is holomorphic and Z^ ^ 0. The automorphism 
transformations are then u = U{u), ( = Z{(^). Note that from the point of view 
of Cartan's method this is the involutive case in which n = oo. There are no local 
invariants in this situation. 

7. NONVANISHING TWIST AND VANISHING SHEAR 

7.1. The relative invariants A'l and K2. Next let us assume that the structure 
(M, [A,^]) has some twist, a 7^ 0, but has identically vanishing shear, s = 0. Let 
us interpret this in terms of the corresponding CR structure with the prefered 
splitting. The nonvanishing twist condition dAA A 7^ is the condition that the CR 
structure has nonvanishing Levi form. This means that the CR manifold is strictly 
pseudoconvex and hence is not locally equivalent to M x C. The no shear condition, 
d/i A /X = 0, by the Lemma ISTTl means that the class [y\ may be represented by a 1- 
form /i = d^ with a complex function ^ on M satisfying d^Ad^ 7^ 0. Note that this 
function trivially satisfies the tangential Cauchy-Riemann equation dCAAA^ = for 
this CR structure, and hence is a CR function. If Z is any holomorphic function with 
nonvanishing derivative, then Z = Z{C,) is again a CR function with dZ A dZ ^ 0. 
This gives us a distinguished class of genuinely complex CR functions Z = Z{(), 
which we denote by [Q. Conversely if we have a strictly pseudoconvex 3-dimensional 
CR structure {M,H,J) with a distinguished class [(] of CR functions Z = Z{(), 
such that dC A dC 7^ and Z' 7^ 0, then this CR structure defines a representative 
(A, ^1 = dZ), with A being a nonvanishing section of the characteristic bundle H^. 
This in turn defines a structure (M, [A,/x]) of an oriented congruence which has 
a 7^ and s = 0. 

Summarizing we have 
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Proposition 7.1. All local structures of an oriented congruence {M,[X,fi\) with 
nonvanishing twist, a ^ 0, and vanishing shear, s = 0, are in a one to one corre- 
spondence with local CR structures (M, H, J) having nonvanishing Levi form and 
possessing a distinguished class [C] of genuinely complex CR functions on M . 

Note that the proposition remains true if we drop the nonvanishing twist condi- 
tion on the left and drop the nonvanishing Levi form condition on the right. 

We now pass to the determination of the local invariants of (M, [A, /i]) with 
nonvanishing twist and vanishing shear. We take a representative (A, /i). Because 
of our assumptions the formulae (|5.ip become 



dA = iafi Aft + bjiAX + bjlAX 

(7.1) dfi = p^AfL + q^AX 
d/2 = — p/i A ft + qp, A X. 

For example if we were to choose ^ as ^ = dC, where C is a particular representative 
of the distinguished class [C] of CR functions, then d/x would identically vanish, so 
p=0 and q = 0. Although this choice of fi is very convenient and quite simplifies 
the determination of the invariants, we will work in the most general representation 
(|7.ip of [A, ^] to get the formulae for the invariants in their full generality. 
Given a choice (A, ^) as in (|7.ip we take the most general representatives 

(7.2) Lu = /A, uji = hfi, Qi = hfi, 

of the class [A, /x]. Here / 7^ (real) and h ^ (complex) are arbitrary functions. 
Then we reexpress the differentials dtu, duji and dCoi in terms of the general basis 
(w, wi, (Di). We have: 

(7.3) dui = i-^ujiAoji + [ d\og f + -uji + yCji ] A uj 

n h 

(7.4) duJi = [dlog/i— — wi — -uj]AuJi 

h J 

- p q - 

(7.5) dwi — [ dlog/i — -oji — — w ] A wi 

/ 

Since a ^ we can easily achieve 

(7.6) duj Auj — iuji A wi A w 
by taking 

(.7) /=M. 

a 

Thus condition (|7.6p 'fixes the gauge' in the choice of /. 

Introducing the real functions p > and <j) via h = pc"^ and maintaining the 
condition (|7.6p we may rewrite equation l|7.3p in the form 

dij = iuJi A (I"! + (fi + O) A cj, 

where the real valued 1-form + is 

(7.8) VL + (l = 2d\ogp+{b- (loga)^)/x+ (6- (log a)^)// + tA. 

The real function t appearing in il + f2 can be determined algebraically from the 
condition that 

(7.9) [dijJi + dui) A {ui - LOi) = -oji A wi A (fi + n). 
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If this condition is imposed then 

(7.10) t^-q-q. 

Now, if t is as in (|7.10p and / is as in l|7.7p we define — fi to be an imaginary 
1-form such that 

(7.11) (dwi + d(I>i) A (cJi + uji) = A (III A (fi - VI). 
This determines 51 — H to be 

— n = 2id(/) + (g — q)\ + zfi — zp,, 

where z is a still undetermined function. The condition that fixes z in an algebraic 
fashion is the requirement that 

(7.12) dwi^riAwi, duJi=ClAuJi. 
If this is imposed we have 

(7.13) z = 2p + 6-(loga)^, z = 2p + 5 - (log a);,. 

Thus given a structure (Af, [A,/^]) with nonvanishing twist and vanishing shear, 
the four normalization conditions l|7.6p . (|7.9p . I|7.1ip . I|7.12p uniquely specify a 
5-dimensional manifold P, which is locally M x C, and a well defined coframe 
{uj,uji,0ji,Q,O,) on it such that 



(7.14) 



Here the complex coordinate along the factor C in A/ x C is /i = pe"^. The coframe 
{uj,uJi,0ji,Q,O,) satisfies 

duj = iLOi A (Di + (fl + f2) A a; 
dcji = fl A 071 

(7.15) dwi = OAwi 

dO, = Kiuji A wi + K2UJ1 A uj 
dCl = —Kiuji Aloi + K2LO1 A uj, 

where 

(7.16) Ki = \ki, K2 = ^fc2, 
are functions on P with fci and k2 given by 

A:i = Re(^(loga)^;i - (loga)^p - iga - 6^ + 5p - 2p^ + 2|p|^^ 

^•2 = a^x - abx + i{loga)^{bp, -b^ ~bp + bp) -2a^q - aq^ - (aq)^ - abq. 

Note that the functions fci and fc2 are actually defined on A/. Note also that ki is 
reaZ as a consequence of the commutation relations (|5.2p . The functions -ftTi and K2 
are the relative invariants of the structure (Af, [A,/i]), and (|7.15p are the structural 
equations for (Af, [A,/z]). 



a; 


a 
























- pe-'^/2 










n 


d log p + 


- id(j) + {p-\ 


-b- (loga)^)M- 


-pp 


-qX 


n 


= dlogp- 


idcj) — pjjL - 


>r{p + b- (log a; 




-9A, 
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Theorem 7.2. A given structure (M, [A,/i]) of an oriented congruence with nonva- 
nishing twist, a ^ 0, and vanishing shear, s = 0, uniquely defines a 5-dimensional 
manifold P, 1-forms tJi, (Di, fi, f2 and functions Ki, K2, K2 on P such that 

- LO,uji,u}i are as in l|7.2p . 

- uj/\uJi/\uJi/\Vt/\Ct^{) at each point of P , 

- the forms and functions Ki (real), K2 (complex) are uniquely determined 
by the requirement that on P they satisfy equations l|7.15p . 

In particular the identical vanishing, or not, of either fci or k2 are invariant condi- 
tions. Also the sign of ki is an invariant, if ki 7^ 0. 

7.2. Description in terms of the Cartan connection. The above theorem, 
stated in modern language, means the following. The manifold P is a Cartan 
bundle H2 ^ P ^ M, with H2 a 2-dimensional abelian subgroup of a certain 
5-dimensional Lie group G5. The group G5 is a subgroup of SU(2,1); i.e., the 
8-dimensional Lie group which preserves the (2, l)-signature hermitian form 

/Z_^\ / 2i^ 

h{Z,Z} = {Z\ Z2, Z2 , ^= 1 

\zy \-2i 0^ 

The forms oj, wi, tDi, 17, in the theorem can be collected into a matrix of 1-forms 











\ 2uj 2iuji 

satisfying 

Ljh + huj^ = 0. 
The Lie algebra 05 of the group G5 is then 

/i(2z2-fZ2) 



{2n + n),J 



05 = { 



Zl 







\ 2x 2izi ~\{2z2 + Z2)) 

and as such is a real 5-dimensional Lie algebra parametrized by the parameters 
X, Re(2;i), Im(zi), Re(2:2), Im(z2). It is naturally contained in5u(2, 1). The subgroup 
H2 corresponds to the subalgebra \)2 C 05 given by a; = 0, zi = 0. Now, uj can be 
interpreted as a Cartan connection on P [7] having values in the Lie algebra gs C 
sit(2, 1). It follows from equations l|7.15p that the curvature R of this connection is 

^Ri 
i? = dw-fwAa)=|0 R2 

-R1-R2, 



Z\, Z2 



eC}, 



where 



Ri 
R2 



-jK2Uj A uJi 



\K2UJ ^UJl-[- \KiUJi A LOi 



7K2UJ A cJi — -^K2L<J A — ^KiLOi A uji 



It yields all the invariant information about the corresponding structure (A/, [A, /i]), 
very much in the same way as the Riemann curvature yields all the information 
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about a Riemannian structure. 

7.3. Conformal Lorentzian metrics. Using the matrix elements a)*^ of the Car- 
tan connection uj it is convenient to consider the bihnear form 

G = -ioj^jUj\. 

This form, when written explicitly in terms of uj, wi, (Di, fl, f2, is given by 

2 

G = 2ujiQi + —Lu(n~n). 

3i 

Introducing the basis of vector fields X, Xi,Xi,Y, Y, the respective duals of w, ti^i, wi, 
ft, fj, one sees that G is a form of signature (+ + + — 0) with the degenerate direction 
tangent to the vector field Y + Y = pdp. We may think of the Cartan bundle P as 
being foliated by 1-dimensional leaves tangent to this vector field. Now equations 
(|7.15p guarantee that the Lie derivative 

^{Y+Y) G = 2 G, 

so that the bilinear form G is preserved up to a scale when Lie transported along 
the leaves of the foliation. Therefore the 4-dimensional leaf space N = P/^ of the 
foliation is naturally equipped with a conformal class of Lorentzian metrics [g] , the 
class to which the bilinear form G naturally descends. The Lorentzian metrics 

(7.17) g = 2ujiu)i + ^Lu{n ~ n) 

61 

on TV are the analogs of the Fefferman metrics [5] known in CR manifold theory. 

We note that is a circle bundle above M with the fiber coordinate 4>. 

Interestingly metrics l|7.17p belong to a larger conformal family, which is also 
well defined on TV. It turns out that if we start with a bilinear form 

Gt = 2ujiu)i + 2ti uj{Ct ~ n) 

where t is any function on P constant along the Y + Y direction, then it also well 
projects to a conformal Lorentzian class [gt] on N with representatives 

(7.18) gt = 2wi(Iii + 2ti uj{Cl - n) 

parametrized by t. To see this it is enough to look at the explicit expressions for 
the forms (wi, wi, w, fJ, O) in l|7.14p and to note that Gt is of the form Gt = p^{---), 
where the dotted terms do not depend on the coordinate p which is aligned with 
Y + Y on P. 

Although t may be an arbitrary function on A^, in what follows we will only be 
interested in the case when t is a constant parameter. 

We return to metrics gt in Section 110.21 where we discuss their conformal curva- 
ture Ft and provide some example of the Lorentzian metrics satisfying the so called 
Bach condition. 

7.4. Basic examples. 

Example 7.3. Note that the assumption that Ki and K2 are constant on P is 
compatible with (|7.15p iS Ki = K2 = 0. In such case the curvature R of the 
Cartan connection oj vanishes, and it follows that there is only one, modulo local 
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equivalence, [A, fi] structure with this property. It coincides with the CR structure 
of the Heisenberg group 

M ^{ (z, w)eC^ : Im(w) = \zf } 

with the preferred sphtting V generated by the vector field v = u = Re(w). 
We call this the standard splitting on the Heisenberg group. The resulting oriented 
congruence has the maximal possible group of symmetries isomorphic to the group 
Gs. 

Example 7.4. We recall that a 3-dimensional CR manifold M embedded in C'^ 
via 

M = { {z,w = u + iv) G : v = \H{z) }, 
where 77 is a real- valued fuction of the variable z € C, is called rigid. It can be given 
a structure of an oriented congruence by choosing the splitting to be spanned by 
the vector field du ■ As in the above special case of the Heisenberg group we call this 
preferred splitting on M the standard splitting on a rigid CR structure. Intrinsically 
this CR-manifold with the preferred splitting may be described in terms of the forms 
A and ^ given by 

(7.19) A = du+ |(i7jdz- ff^dz), /i = dz. 

Via l|3.ip . these forms define a structure (Af, [A,^]) of an oriented congruence on 
M. In the following we assume that 

H,-, + 

at every point of M. It means that M is strictly pseudoconvex. 

Definition 7.5. A structure (A/, [A,/^]) of an oriented congruence with vanishing 
shear and nonvanishing twist on a manifold M is called (locally) fiat iff (locally) it 
has vanishing curvature R for its Cartan connection u). The necessary and sufficient 
conditions for that are i^i = and K2 = 0. 

A short calculation leads to the following proposition. 

Proposition 7.6. Let {M, [A,/i]) be a structure of an oriented congruence associ- 
ated with the rigid CR-manifold M via the forms A and /i of ^7.19]) . Then for any 
real-valued function H = H{z) such that H^z 7^ this structure has vanishing shear 
and non-vanishing twist. Rs relative invariant K2 is identically vanishing, K2 = 0; 
the relative invariant Ki is given by Ki = -^\^og{Hzz)\zz- When it vanishes the 
structure is flat. 

Example 7.7. We remark that the Heisenberg group CR structure may have var- 
ious splittings that endow M with nonequivalent structures of an oriented congru- 
ence. To see this we perturb the standard splitting on the Heisenberg group given 
by the vector field 9„. This is accompHshed by choosing a 2-parameter family of 
CR-functions on M given by 

(7.20) Cie. =ei2 + e2(w + «kn, 

and defining the structure of an oriented congruence on M via (|3.ip with the forms 

A = dli + i{zdz — zdz), ^^ele2 — dCeiC2- 

Note that since A is a section of the characteristic bundle of the Heisenberg 
group CR-structure, and ^cica is the differential of a CR-function, the structure 
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(M, [Aj/igjej]) is twisting and without shear for all values of the real parameters ei 
and 62. The real vector field v which gives the splitting on M is given by 

v = du + — [ —— — p rd^ + —— — -, -dg ], 

if ei 7^ 0, and 

V = i{zdz - zdg) 

otherwise. A short calculation shows that the relative invariants Ki^^^^ and if2eie2 
for this 2-parameter family of structures are 

p^|2e22; + iei\'^ 

This proves that the structures with £2=0 and £2 7^ are noi locally equivalent. To 
analyse if the structures with £2 7^ are equivalent or not we need to apply further 
the Cartan equivalence method. We will perform it in a more general setting than 
this example. 

7.5. The case A'l 7^ 0, K2 = 0. Let (M, [A, /x]) be an arbitrary structure of an 
oriented congruence which has nonvanishing twist, vanishing shear, and in addition 
has the relative invariants Ki and K2 such that 

7^ and K2 = 0. 

Given such a structure, using the system (|7.15p and the assumption K2 = 0, we 
observe that the corresponding structural form has closed real part, 

(7.21) d{n + n) = Q. 

The assumption that Ki 7^ enables us to make a further reduction of the Cartan 
system l|7.15p defining the invariants. Indeed since Ki = -^ki 7^ 0, we may restrict 
ourselves to a (possibly double-sheeted) hypersurface A^o in P on which 

Ki = ±1, 

where the sign is determined by the sign of the function fci . Recall that this sign is 
an invariant of the structure. 

Locally A^o is a circle bundle over M defined by the condition 

p' = \ki\. 

Now the system l|7.15p when pullbacked to Nq locally reduces to 

Aljj — iuji A (Di + 2dA A oj 
Auji = dA A wi + iS A cJi 

(7.22) d<I>i = dA A - iS A (ii 

dS = T*'^i A bJi. 

Here the real 1-form S is the pullback of the form ^(fi— fj) from P to iVo. According 
to our choice of E, the minus sign in l|7.22p corresponds io Ki — +1. The differential 
dA of the real function A on iVo is determined by the condition that 2d^ is locally 
equal to the pullback of the + from P to Nq. Note that this pullback must be 
closed due to (|7.2ip . Looking at the explicit expression for -|- H in l|7.8p , (|7.10p 
and the integrability conditions for (|7.22p we find that locally we have 

(7.23) 2AA^ A1UJ1+ Axui, 
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with 

e"'"^ Ifcil 
(7.24) ((iog^)^ + 6). 

The function Ai gives a new relative invariant for the structures (A/, [A,/^]) with 
Ki ^ and K2 = 0. It follows from the construction that two such structures 
(M, [X,fi]) and (M', [A',/^']) are (locally) equivalent if there exists a (local) diffeo- 
morphism of the corresponding manifolds A^o and A^o' which transforms the cor- 
responding forms (w, wi, (III, E) to (w', , w^, E'). This in turn implies that the 
relative invariant Ai must be transformed to A[ . 

Remark 7.8. We note that among all the structures with Ki ^ and K2 = the 
simplest have Ai = 0. Modulo local equivalence there are only two such structures, 
corresponding to the =F sign in l|7.22p with Ai = 0. These are the 'flat cases' for 
the subtree in which Ki ^ and K2 = 0. 

The function A defining the relative invariant Ai is defined only up to the addi- 
tion of a constant, A^ A + t. Given a family of functions A{t) = A + t -we consider 
the family of bilinear forms GA{t) on A^o defined by 

The forms GA(t) are clearly degenerate on iVo. Denoting by (X, Xi,Xi,Y) the dual 
vector fields to the basis of 1-forms {uj, ti^i, wi, E) on Nq, we see that the signature of 
GA{t) is (+, +, 0, 0) with the degenerate directions ahgned with the real vector fields 
X and Y. Next we observe that the system (|7.22p implies that [X, Y] = 0, hence 
the distribution spanned by X and Y is integrable. Thus A^o is foHated by real 2- 
dimensional leaves. Locally the leaf space S of this foliation is a 2-dimensional real 
manifold, which is a Riemann surface, since the pullback to S of the 1-form u)i gives 
a basis for the (1,0) forms. Now the formula (fT^S]) implies that X{A) = Y{A) = 0. 
Using this and the system (|7.22p . a calculation shows that 

^xGA{t) = 0, CyGAit) = 0. 

This means that the bilinear forms GA{t) descend to Riemannian homothetic metrics 
gA(t) on the Riemann surface S. We have the following theorem. 

Theorem 7.9. The Riemann surface S naturally associated with the structure of 
an oriented congruence having Ki 7^ 0, K2 = possesses Riemannian homothetic 
metrics gA(t) whose Gaussian curvatures K{t) are related to the relative invariant 
A\ via: 

n(t) = iFe2(^+*) , i.e. 2dA = d log k. 

Example 17.71 (continued) Calculating Ai for the structures (M, [A, /i^je^]) of 

Example 17.71 assuming that £2 7^ 0, we easily find that for all ei, and £2 ^ 0, 
we have Ai = 0. Thus for all nonzero values of £2, and all values of £1, the 
structures are locally equivalent. Hence the apparent 2-parameter family of the 
structures (M, [A, /^eicj]) includes only two nonequivalent cases; isomorphic to those 
with (£i,£2) = (1,0), and e.g. to those with (£i,£2) = (0, 1). The first case is the 
flat case Ki = Q,K2 = Q, corresponding to the Heisenberg group with the standard 
splitting. The second case is considerably different, being one of the 'flat cases' for 
the subtree i^i 7^ and K2 = 0, corresponding to ^1 = and the minus sign in 
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(|7.22p . In particular the (0, 1) case has only a 4-dimensional symmetry group, as 
opposed to the 5-dimensional symmetry group of the (1,0) case. 

We would like to point out that if we were to choose a more complicated CR 
function than the Ceie2 of (|7.20p . for example 

Q = eiz + e2{u + i\z\T, 

with m 7^ and m ^ 1, we would produce an oriented congruence (M, [du + i{zdz — 
zdz),dC]), still twisting and without shear, again based on the Heisenberg group, 
but not equivalent to either of the two structures above. The reason for this is that 
the condition to 7^ 0, m 7^ 1 makes (A/, [du + i{zAz — zdz), dC]) have the relative 
invariant K2 nonvanishing. 

We now give a local representation for an arbitrary structure (Af, [A,/i]) with 
vanishing shear, nonvanishing twist, and with Ki ^ 0, K2 = 0. This can be done 
by integration of the system l|7.22p . Interestingly this integration can be performed 
expHcitly, leading to the following theorem. 

Theorem 7.10. // (M, [X, ^i]) is a structure of an oriented congruence with van- 
ishing shear, nonvanishing twist, and with the relative invariants Ki ^ 0, K2 ^ 
then there exists a coordinate system (w, z, z) on M such that the forms A and fi 
representing the structure can be chosen to be 

X ~ du + ^{Hzdz — Hzdz), /i = dz, 

where the real functions A = A{z) and H = H{z) satisfy the system of PDEs 

(7.25) K,, = Te'^e-" 

(7.26) H,-, = c-'' 

with a real function h ~ h{z). The structure corresponding to such X and /i satisfies 
the system 

doj = iuji /\uji + 2dA A to 
duji = dA A + iS A cJi 
duji = dA A tDi — iS A Wi 

dE = T^wi A UJl 

with forms 

u = c^^A, UJl = c^C^^^c'^fi, uui = e^e-''/2g-#- 

S = d0 + ^{hgdz — hzdz). 
The relative invariant Ai of this structure is given by 

Ai ^ 2c-^c^l'^c-"^A,. 

Note that the system of PDEs (|7.25p - (|7.26p is underdetermined. To see that 
it always has solutions, choose a real function H = H{z) on the complex plane. 
Define the real function h = h{z) via equation (|7.26p . insert it into equation (|7.25p 
and solve this real PDE for a real function A — A{z). Since the function H can be 
chosen arbitrarily, returning to Example [731 we see that this theorem characterizes 
the oriented congruences which are locally equivalent to those defined on rigid CR 
manifolds with the standard splitting. 
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Corollary 7.11. Every structure (A/, [A,/^]) of an oriented congruence with van- 
ishing shear, nonvanishing twist, and with the relative invariants Ki ^ 0, A'2 = 
admits one symmetry. 

Proof. To proof this it is enough to check that in the local representation l|7.25p - 
(|7.26p the symmetry is generated by Xq = du- □ 

Starting with a structure {M, [A, /i]) having Ki ^ and A'2 = we constructed 
its associated circle bundle §^ ^ iVo — > M equipped with the invariant forms 
{u!,u!i,uji,T,). Using the dual basis {X, Xi, Xi,Y) and the system l|7.22p we see 
that the symmetry Xo lifts to a vector field X = e^^X with the property that 

/:^I] = 0, £^uJi = 2X{A)uJi. 

We now introduce a quotient 3-dimensional manifold Afs whose points are the 
integral curves of X. Then the forms S and cji descend from iVo to a class of forms 
[E, wi] on Ms given up to the transformations E — > E, lji — > huji. Thus they can be 
used to define a structure of an oriented congruence (Ms, [S,a;i]). This structure 
naturally associated with (Af, [A,/i]) may be locally represented by the coordinates 
((/), z, z) of Theorem 17. 101 with the representatives E and ui given by 

E = d(/) + ^{hgdz — hzdz), uii = dz. 

Here the real function h = h{z) is related to the original structure (Af, [A, /i]) via 
equations (|7.25p - (|7.26p . In particular (A^s, [E,a;i]) is again based on a rigid CR 
structure with the standard splitting. 

Now we use Theorem l7.10l to describe all the structures with ATi 7^ and K2 = 
which have a 4-dimensional transitive symmetry group. It turns out that they must 
be equivalent to those with dA = 0. This is because the existence of a 4-dimensional 
transitive symmetry group implies that A\ must be a constant. But since A and 
h depend only on z and z, and A\ has nontrivial e"^ dependence, it is possible iff 
^2 = 0; hence Ai = 0. Thus according to Remark 17.81 there are only two such 
structures. One of them, the one with the upper sign in l|7.22p . is equivalent to the 
structure (ei, £2) = (0, 1) of Example 17.71 To find the second one we use Theorem 
17.101 and integrate equations (|7.25p - (|7.26p for ^ = 0. Modulo equivalence we get 
two solutions 

= 2 log(l T \zz), = t2 log(l T \zz), A = 

which lead to the two nonequivalent 'fiat models' with Ki = ±1, Ai = 0. These 
are generated by the forms 

X , , Zdz — Zdz 

(7.27) Azr=du+^ 5-^, fi = dz. 

1 =F ^zz 

Obviously the structure corresponding to the upper sign is isomorphic to the struc- 
ture (ei, £2) = (0, 1) of Example l7.7l Interestingly, in either of the two nonequivalent 
cases the forms (A, /i) can be used to intrinsically define a flat CR structure (in the 
sense of Cartan's paper [3]) on AI parametrized by {u,z,z). Another feature of 
these two nonequivalent structures is that their Riemann surface Szp described by 
Theorem 17.91 is equipped with metrics gA{t) which may be represented by 

_ 2dzdz 

iiT^-zr' 



INTRINSIC GEOMETRY OF ORIENTED CONGRUENCES IN THREE DIMENSIONS 19 



Thus these Riemann surfaces are either locally homothetic to the Poincare disc (in 
the upper sign case) or to the 2-dimensional sphere §^ (in the lower sign case). This 
leads to the following definition. 

Definition 7.12. The two structures of an oriented congruence (M, [Aip,^]) gen- 
erated by the forms A:p,/J, of (|7.27p are called the Poincare disc structure (in the 
upper sign case) and the spherical structure (in the lower sign case). 

We further note that the natural structures (Ms, [Sip, wi]) associated with the 
structures (|7.27p are locally isomorphic to the original structures (M, [A;p,/i]). Fi- 
nally we note that the forms A+ , are identical with the forms which appear in the 
celebrated vacuum Taub-NUT solution of the Lorentzian Einstein field equations 
(see formulae (|ll.ip - (|11.2p with K — l = m = a~0 and with the coordinate z re- 
placed by 2/z). We summarize the considerations of this paragraph in the following 
Theorem. 

Theorem 7.13. All structures {M, [A, /i]) of an oriented congruence with vanishing 
shear, nonvanishing twist, having the relative invariants Ki ^ 0, A'2 = and pos- 
sessing a 4- dimensional transitive symmetry group are locally isomorphic to either 
the Poincare disc structure (M, [A_,^]) or the spherical structure (A/, [A_|_,/i]), i.e. 
they are isomorphic to one of the 'flat models' for the Ki 7^ and K2 = case. 

We now pass to the determination of all local invariants for the structures with 
Ai ^ 0. Let (M, [A,/i]) be such a structure with the corresponding circle bundle 
No and the system of invariants l|7.22p . Looking at the explicit form l|7.24p of the 
relative invariant Ai, we see that we may always choose a section of the bundle A^o 
such that Ai is real and positive. Locally this corresponds to the choice of as a 
function on the manifold M such that 

(7.28) ^((log — )m +b) = 4^((log —h + b)>0- 
^/\kl\ a y'\ki\ a 

If (j) satisfies ^(L2^ then 

Ai > 0, 

and all the structural objects defined by the system l|7.22p may be uniquely pull- 
backed to M. As the result of this pullback the real 1-form S becomes dependent 
on the pullbacked forms {uj,uji,u!i). Since these three 1-forms constitute a coframe 
on M we may write E = Bquj + Bicji + BicDi where Bq (real) and Bi (complex) 
are functions on M. Now using the fact that these structures admit a symmetry 
(Corollarv FTTTI) . we get Bq = 0. Hence 

S = BiLOi + Biuji. 

With this notation the pullbacked system l|7.22p becomes 

duj = iLUi A uji + 2Ai(uji + uji) A Lu 

(7.29) dui = -{Ai+iBi)uJiAui 
duji ~ {Ai — iBi)uji A uJi, 

with the fourth equation given by 

(7.30) d{BiLJi+ BiiJi) = T-it^i ACui. 
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Remark 7.14. Note that since on Nq the complex function Ai was constrained 
by d{AiUJi + Aioji) = 0, because of fT^ . the equations (T^ - ^TSO^ should be 
supplemented by the equation d[^i((jJi + uji)] = for Ai > 0. This however is 
equivalent to 

dAi A (cji + £l>i) = [iAi{Bi + Bi)]lui A uji, 
and turns out to follow from the integrability conditions for l|7.29p - l|7.30p . 

Writing these integrability conditions explicitly we have: 

dAi ^ [aii + ^AiiBi+Bi)]uji + [an-^Ai{Bi+Bi)]LUi 

(7.31) dSi = BnoJi + [bi2 + ^Ai{Bi - Bi) + i{±^ - \Bi\^)]oji 

dSi = [5i2-iAi(Bi-Bi)-i(±i-|Sin]cc;i +5x1(^1, 

where the real functions an, bi2 are the scalar invariants of the next higher order 
than Ai and Bi. 

Theorem 7.15. The functions > and Bi (complex) constitute the full system 
of basic scalar invariants for the structures (A/, [A,/i]) with Ki ^ 0, K2 = and 
A\ ^ 0. It follows from the construction that two such structures (M, [A, /i]) and 
(M', [A',^']) are (locally) equivalent iff there exists a (local) diffeomorphism between 
M and M' which transforms the corresponding forms {uj,uji,lui) to (uj' ,uj[,uj'i). 
This in particular implies that the invariants Ai and Bi must be transformed to A[ 
and B[. 

The system (|7.29p - (|7.3ip and the above theorem can be used to find all structures 
with Ki 7^ and K2 = having a strictly 3-dimensional transitive symmetry group. 
These are the structures described by the system l|7.29p - l|7.3ip with constant basic 
invariants Ai > 0, Bi. It follows that it is possible only if i?i = ir, Ai ~ ^^2^'^ > 
and r 7^ is a real parameter. This leads to only two quite different cases, which 
are described by Propositions 17.161 and l7.l"7l 

Proposition 7.16. (i) All locally nonequivalent structures (Af, [A, /i]) of oriented 
congruences having vanishing shear, nonvanishing twist, Ki ^ 0, K2 = 0, and 
possessing a strictly 3-dimensional transitive group Gh of symmetries of Bianchi 
type Vlh, h <0, may be locally represented by 

A = y''du — y^^dx, f-i = y^^{dx + idy). 

Here (u, z, z) with z = x + iy are coordinates on M and 

-2(l=F2r2)- 

The real parameter r is related to the invariants Bi and Ai via 

=f1 + 2r^ 

Bi^tT, Ai = -^- >0, 

Zt 

and as such enumerates nonequivalent structures. 

(ii) Regardless of the values of r the structures corresponding to the upper and lower 
signs in the expressions above are nonequivalent. In the case of the lower signs the 
real parameter t < 0. In the case of the upper signs t<— ^ or < t < ^ or 

2 ^ ^ ^ V2- 

(iii) The structures are locally CR equivalent to the Heisenberg group CR structure 
only in the case of the upper signs with t ~ 
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(iv) The symmetry group is of Bianchi type Vlt , with the parameter h < related 
to T via 

In the lower sign case the possible values of h are —9 < h < —1, and for each value 
of h we always have one structure with the symmetry group Gh ■ In the upper sign 
case h may assume all values h <Q, h ^ —1. In this case, we always have 

- two nonequivalent structures with symmetry group Gh with h < — 9; 

- one structure with symmetry group Gh with —9 < h < —1 ; if the parameter 
T is T — then h = —9 and the structure is based on the Heisenberg 
group with a particular nonstandard splitting; 

- two nonequivalent structures with symmetry group Gh with —l<h<0; 

- one structure with symmetry group of Bianchi type VIq . 

Proposition 7.17. Modulo local equivalence there exists only one structure {M, [A, /i]) 
of an oriented congruence having vanishing shear, nonvanishing twist, Ki ^ 0, 
K2 ^ 0, arid possessing a strictly 3-dimensional transitive group of symmetries of 
Bianchi type IV . Locally it may be represented by the forms 

A = y^^{du + logyda;), /.j = y^^{Ax + lAy). 

Here (u, z, z) with z ^ x + iy are coordinates on M . The structure has the basic 
local invariants Ai = ^ and Bi = ^. 

Summarizing we have the following theorem. 

Theorem 7.18. All locally nonequivalent structures (M, [A,/z]) of oriented congru- 
ences having vanishing shear, nonvanishing twist, Ki ^ 0, K2 = 0, and possessing 
a strictly 3-dimensional transitive group of symmetries are locally equivalent to one 
of the structures defined in Propositions 1 7. i gl and M.l'A 



Remark 7.19. Example 17.31 Theorem 17.131 and Theorem 17.181 describe aZHocally 
nonequivalent homogeneous structures of an oriented congruence having vanishing 
shear, nonvanishing twist and with the invariant K2 = 0. They may have 

- maximal symmetry group of dimension 5, and then they are locally isomor- 
phic to the Heisenberg group with the standard splitting. 

- symmetry group of exact dimension 4, and then they are locally isomorphic 
to one of the two nonequivalent structures of Theorem 17.131 

- symmetry group of exact dimension 3 which must be of either Bianchi type 
Vlh or IV \ in this case they are given by Propositions 17.161 and 17.171 

7.6. The case K2 7^ 0. Looking at the explicit expresion for K2 in l|7.16p we see 
that in this case we may fix both p and 4> by the requirement that 

(7.32) K2 = 1. 

Indeed this normaHzation forces p and (j) to be 

p=|/c2|i = Arg(fc2). 

This provides an embedding of M into P. Using it (technically speaking, by in- 
serting p and (j) in the definitions of the invariant coframe l|7.14p ) we pullback the 
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forms {uji,uJi,Lu,n,il) on P to M. Also Ki is pullbacked to M, so that 



^^.1 - 2 • 
|fc2|3 

Since M is 3-dimensional the pullbacked forms are no longer linearly independent, 
and the pulback of the derived form Q. decomposes onto the invariant coframe 
(wijOiijCj) on M. We denote the coefRcients of this decomposition by (Zi,Z2,Zo) 
so that: 

= ZlLJl + Z2CO1 + ZqLjJ 

VL — Z2LO1 + ZiUJi + Zqlo. 

These coefHcients constitute the basic scalar invariants of the structures under con- 
sideration. They satisfy the following differential system: 

duj ~ iuji A (Di + [Zi + Z2)uji A a; + {Z2 + Zi)uji A uj 

(7.33) dbJi = —Z2UJ1 A wi — Zquji A uj 
Au)i — Z2UJ1 A cji — Zquji a uj 

with 

d[ZiuJi + Z20J1 + Zquj] = KiUJi A uJi + uji A UJ 
d[Z2U!i + Z\uj\ + Zquj\ = —Kiuji A uji + uji A u). 

Instead of considering the last two equations above, it is convenient to replace them 
by the integrability conditions for the system (|7.33p . These are: 

dZi = Ziiuji + {-Ki + iZa - Z1Z2 + Z2Z2 + Z2i)uJi + [ZqZ2 + ^01 - 1)^^ 
dZi = (-A'l - iZa - ZxZ2 + ^2^2 + Z2\)uj\ + ZiiuJi + + ^01 - 1)^^ 

dZ2 = Z2 \UJ\ + .^22'^! ^" {Z02 ^ ZqZi -\- ZqZ2 — Z[)Z2^UJ 

(7.34) dZ2 — Z22UJ1 + Z21CJ1 + {Zq2 + ZqZ\ + ZqZ2 — ^0^2)0; 

dZ^ = Zq\uj\ + Zq2UJi + Zqquj 

dZo = Zq2UJi + ZqiUJi + ZqqUJ 

dKi = KiiUJi + KiiUJi + Kiquj, 

where, in addition to the basic scalar invariants Zq, ^1, Z2, ifi, we have introduced 
the scalar invariants of the next higher order: Zqo, ^oi, ^02, ^11, ^21, ^22 (comp- 
lex) and KiQ (real). Note that if the basic scalar invariants Zo,Zi,Z2,/^i were 
constants, all the higher order invariants such as Zqo, ^oij ^02, ^11, ^21, ^22, -f^io 
would be identically vanishing. 

Theorem 7.20. All locally nonequivalent structures {M, [A, /i]) of oriented congru- 
ences having vanishing shear, nonvanishing twist, and with K2 7^ are described 
by the invariant system 117.33]} with the integrabilty conditions jy.g^l ). 

Now we pass to the determination of all nonequivalent structures with K2 7^ 
which have a strictly 3-dimensional transitive group of symmetries. They corre- 
spond to the structures of Theorem 17.201 with all the scalar invariants being con- 
stants. It turns out that there are two famihes of such structures. The first family 
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is described by the following invariant system: 

duji = e'"[-(2sina)~^/^wi A il-i - (2 sin q;)^/^wi Auj], 
dQi = c~*"[(2sinQ;)"^/^wi A cDi - (2 sin q;)^/^u)i Auj], 
du = iu)i Acji + (2sinQ;)~^/^(c*"wi A w + e~*"wi Aw). 
All the nonvanishing scalar invariants here are: 

Ki = (2sina)"2/3 

and 

Zi =^(2sina)2/^ Z2 = c*"(2sina)-i/^ Zo = e*"(2sina)^/^ 

Two different values a and a' of the parameter yield different respective quadru- 
ples {Ki, Zq, Zi, Z2) and {K[, Zq, Z[, Z^), and hence correspond to nonequivalent 
structures. 

The second family of nonequivalent structures with a strictly 3-dimensional group 
of symmetries corresponds to the following invariant system: 

doj = iuoi A a)i + ifS^^iv A {uji — uii) 

(7.35) dwi = -i(/?cj + /3~^(I'i) Awi 

duJi = i{Puj + I3^^uji) A uji. 

The nonvanishing scalar invariants here are: 

(7.36) Ki = (P^ + 3)/3-^ Zi = -2if3-\ Z2 = Za = -ip. 

The corresponding structures of an oriented congruence are parametrized by a real 
parameter /3 ^ 0. This means that each /? ^ defines a distinct structure. 

A further analysis of this system shows that the congruence structures described 
by it have a transitive symmetry group of Bianchi type VI Iq (iff /3 = — 23 ), Bianchi 
type VIII (iff /3 > -23), and of Bianchi type /X (iff /3 < -2*). 

If we parametrize the 3-dimensional manifold M by (u, z,z), the structures 
(Af , A, fi) corresponding to the system (|7.35p may be locally represented by: 

2/3e-*'^" zz , 2Pe''^"-iz 



(7.37) A = dtt 



/3(z2- 2/32(2 + /33)) /3(zz- 2/32(2 + /?3)) 



2/32e-*'5" 2/32e^'3« 
zz - 2/32(2 -H/33) ' ^~~zz- 2/32(2 + /33) 

Note that the above (A, fi) can be also used to define a CR structure on M. De- 
spite the fact that the 3-dimensional CR structures are associated with this (A, ^) 
by fairly more general transformations, (A,/i) {fX,hpi +p\), than the oriented 
congruence structures, which are defined by the restricted (A, /i) (/A, hfi) trans- 
formations, each s 7^ in (|7.37p defines also a distinct CR structure in the sense of 
Cart an. 

Three particular values of /3 7^ in (j7.37p are worthy of mention. These are: 

/3 = /3s = -2*, 

when the local symmetry group (both the CR and the oriented congruence symme- 
try) changes the structure from Bianchi type IX, with f] < (3b; through Bianchi 
type VIIq, with /3 = /3b; to Bianchi type VIII, with (3 > (3b- 
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Next is: 

when the lowest order Cartan invariant of the CR structure associated with Xp^ 
and ^i^H is identically vanishing [15]; in this case the CR structure becomes locally 
equivalent to the Heisenberg group CR structure, and the 3-dimensional transitive 
CR symmetry group of Bianchi type IX is extendable, from the local SO (3) group, 
to the 8-dimensional local CR symmetry group SU(2, 1). 
The third distinguished (3 is: 

/3 = /3k = -3i 

Note that for (3 = /3k our invariant Ki of the congruence structure {\p,^p) van- 
ishes, A'l = 0, as in (|7.36p . This case is of some importance, since it will be shown 
in Section flO. 21 that the congruence structures with i^i = and K2 ^ have very 
nice properties. 

8. Vanishing twist and nonvanishing shear 

Now we assume the opposite of Section [7l namely that (Af, [A,/i]) has some 
shear, s 7^ 0, but has identically vanishing twist, a = 0. As in Section [6] the 
no twist condition dA A A = yields A = fdt for some real function t on M. 
Thus in this case we again have a foliation of M by the level surfaces t = const. 
Each leaf C of this foHation is a 2-dimensional real submanifold which is equipped 
with a complex structure J determined by the requirement that its holomorphic 
vector bundle = {X — iJX,X € r(rC)} coincides with the anihilator of 

SpandX) © Spanc{p,). But the simple situation of M being locally equivalent to 
Rx C is no longer true. If s 7^ the manifold AI gets equipped with the structure of 
a fibre bundle C ^ M ^ V, with fibres C being 1-dimensional complex manifolds 
- the leaves of the foliation given by < = const, and with the base V being 1- 
dimensional, and parametrized by t. This can be rephrased by saying that we have 
a 1-parameter family of complex curves C(t), with complex structure tensors Jc{t), 
which are not invariant under Lie transport along the vector field dt- Recall that 
having a complex structure in a real 2-dimensional vector space is equivalent to 
having a conformal metric and an orientation in the space. Thus the condition of 
having s 7^ means that, under Lie transport along dt, the metrics on the 2-planes 
tangent to the surfaces t = const change in a fashion more general than conformal. 
This means that small circles on these two planes do not go to small circles when Lie 
transported along dt- They may, for example, be distorted into small ellipses, which 
intuitively means that the congruence generated by dt has shear. This explains the 
name of the complex parameter s, as was promised in Section [H 

We now pass to a more explicit description of this situation. We start with an ar- 
bitrary structure (M, [A, n]) with dAAA = 0. This guarantees that the 2-dimensional 
distribution anihilating A defines a foHation in M, and M is additionally equipped 
with a transversal congruence of curves. Note that a foliation of a 3-space by 2- 
surfaces equipped with a congruence locally can either be described in terms of 
coordinates {t, x, y) such that the tangent vector to the congruence is dt (in such 
case the surfaces are in general curved for each value of the parameter t), or in 
terms of coordinates {u, z, z) such that locally the surfaces are 2-planes (in such 
case the congruence is tangent to a vector field with a more compHcated represen- 
tation X ~ du + Sdz + Sdz. Regardless of the descriptions the leaves of the foliation 
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are given by the level surfaces of the real parameters t — const (in the first case, 
as in the begining of this Section) or u = const (as it will be used in this Section 
from now on) . Having this in mind and recalling the allowed transformations p.ip 
we conclude that our (M, [A,/i]) with dA A A = may be represented by a pair of 
1-forms 

A = du, fi = dz + Hdz + Gdu, 

where H = H{u, z, z) and G = G{u, z, z) are complex-valued functions on M, with 
coordinates (m, z,z), such that \H\ < 1. The foliation has leaves tangent to the 
vector fields dz^ dz- Each leaf is equipped with a complex structure, which may be 
described by saying that its T^^^°^ space is spanned by the vector field 

(8.1) z^dz- Hdz- 

consequently the T'"'^) space is spanned by the complex conjugate vector field 

Z^dz~Hdz. 

The congruence on M which gives the preferred splitting is tangent to the real 
vector field 

(8.2) X = 9„ + fij^dz + ^d-z. 
Thus we have the following proposition. 

Proposition 8.1. All structures (M, [A,/^]) with vanishing twist, a = 0, may he 
locally represented by 

(8.3) A = du, /i = dz + Hdz + Gdu, 

where H = H{u, z, z) and G = G{u, z, z) are complex-valued functions on M , with 
coordinates {u,z,z), such that \H\ < 1. They have nonvanishing shear s ^ Q iff 

Hu - GHz + HGz - G-z ^ 0. 

The following two cases are of particular interest: 

• H = 0. In this case all surfaces u — const are equipped with the standard 
complex structure. The coordinate z is the holomorphic coordinate for 
it, but the congruence is tangent to a compHcated real vector field X = 

du - Gdz - Gd-z. 

• G = 0. Here each surface u = const has its own complex structure J, for 
which z is not a holomorphic coordinate; J is determined by specifying a 
complex function H. A nice feature of this case is that the congruence is 
now tangent to the very simple vector field X = du, which enables us to 
identify coordinates t and u. 

Note that in Proposition 18.11 we made an assumption about the modulus of the 
function H. The modulus equal to one is excluded because it violates the condition 
that the forms A, /i, p, are independent. We excluded also the H > 1 case, since 
because of the coordinate transformation z — > z followed by H ^ ^/H, such 
structures are in one to one equivalence with those having < 1. We now turn to 
the question about nonequivalent structures among those covered by Proposition 
[Q 



26 



C. DENSON HILL AND PAWEL NUROWSKI 



8.1. The invariant Tq and the relative invariants Ti, Kq, Ki. To answer this 
we have to go back to the begining of Section [5] and again perform the Cartan 
analysis on the system l|5.1|) . but now with a = 0, s ^ 0. In this case the formulae 
(|5.ip become 

dA = 5/i A A + bfi A A 

(8.4) d/i = pfi A p. + qfi A X + sfi A X 
d/2 = —p^ A p + sfi A X + qfi A X. 

It is convenient to write the complex shear function s as 

s = Isle''^. 

Now for a chosen pair (A,/i) representing the structure, using (|8.4p . we find that 
the differentials of the Cartan frame 

(8.5) (a;,a;i,c^i) = (/A,pe^V,pe-'*/2) 
are: 

duj = dlog/ A + -e"*"^wi A w + -e"^(Iii A 
P P 

dwi = id^ Awi + dlogp A wi + -e^'^tJi A wi + ^wi A cj + 4^e*^^'^+'''^(I'i A w 

P f f 

dioi = -id^AoJi +dlogpAcji - ^e-'''^cji Awi + 4^e"*(2'^+''')[Ji AtJ + fcji Aw. 

P f f 

Because of s 7^ 0, we can gauge the structure so that 

(8.6) dcji A LUi = uji A uJi A uj. 

This requirement defines / modulo sign to be / = ±|s|. Writing / as 

/ = e'-|s|, 

where e = 0, 1, and still requiring the normalization (|8.6p . we get 

Thus the functions / and (j) are fixed modulo e. 

After this normalization we introduce a real 1-form ft such that 

(8.7) (dwi - dull) A {uji + U!i) ^ 2il A uji A uii. 
This equation defines 51 to be 

n = d\ogp + zuji + zQi + (1 -e"''|±f)tJ, 

where z is an auxiliary complex parameter. The condition that fixes z in an alge- 
braic fashion is: 

(8.8) dcui Auj = n AuJi Aui, dwi A w = A wi A w. 
It uniquely specifies z to be 

2p ' 2p ' 

Thus given a structure (A/, [A, fi]) with vanishing twist and nonvanishing shear, the 
three normahzation conditions l|8.6p . I|8.7p . I|8.8p uniquely specify a 4-dimensional 
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manifold P, which is locally M x M_|_, and a well defined coframe (w, wi, wi, fi) on 
it such that 



U! = e \S\A 

(8.9) Coi = pe^^^'-'^^fl 

Here the positive coordinate along the factor R+ in the fibration M+ ^ P ^ Af is 
p. The coframe {uj,uji,uji,il) satisfies 

duj = TiLUi A a; + TiUJi A u> 

duji = Q A uji + {uJi + uJi) A Lo + iToLUi A lo 

(8.10) duJi = fl A uJi + {uji + LUi) A UJ — iToLUi A UJ 

dfi = iKoUJi ACoi + Kiuji Auj + Kiuji A uj 



where 



•11) Jo- — 2111 — e , ^1-—' ^1 - — 



<1 fco fci 

p 2/9 



and 



(8.12)A:o = -V'mm ^ V'mm + pV'm + pV'/i + 2i{p^ ~ pp) 
ki = 2{ti - ti) + 

e^'^'libq-bq -qt, + %+ iqtp^ - #^A)e^'^ + iijfi\s\e-^'^]\s\-^. 

Note that functions To, Pi, TiTo and i^i are invariants of the structure on the bundle 
M+ P M, with the fiber coordinate p. They are defined modulo the parame- 
ter e = 0, 1. Thus two structures which differ only by the value of e are equivalent. 

If we want to look for the invariants on the original manifold M we must examine 
the fiber coordinate dependence of the structural functions Pq, Pi, Kq and K^. 
Since the last three functions Pi, Kq, Ki have a nontrivial p dependence they do 
not project to invariant functions on M. However, since in all these cases this 
dependence is just scaling by p we conclude that they lead to the relative invariants 
on M. Thus the vanishing or not of any of the functions ti,ki (complex), fco (real) 
is an invariant property of the structure on M. The situation is quite different 
for the real function Pq. Although originally defined on P it is constant along the 
fibers. Thus it projects to a well defined invariant on the original manifold M. 
Thus Pq is an invariant of the structure on M. We summarize the above discussion 
in the following Theorem. 

Theorem 8.2. A given structure (A/, [X, p]) of an oriented congruence with vanish- 
ing twist, a = 0, and nonvanishing shear, s ^ 0, uniquely defines a 4- dimensional 
manifold P, 1-forms uj,uji,uji,D. and functions Tq,Kq (real) Ti,Ki (complex) on 
P such that 
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- Lj,uJi,LUi,il are as in (|8.9p . 

- A wi A (ii A O 7^ ai each point of P, 

- the forms and functions To,Ti, Kq, Ki are uniquely determined by the re- 
quirement that on P they satisfy equations (|8.10p . 

In particular Tq is an invariant of the structure on M ; the identical vanishing, or 
not, of either of the functions ti, or ki defined in ^8.12]) is an invariant condition 
on M. 



The structures covered by Theorem 18.21 admit symmetry groups of at most four 
dimensions. Those for which the symmetry group is strictly 4-dimensional have all 
the relative invariants ti, ko, ki equal to zero and constant invariant To- When 
finding such structures it is enough to consider Tq = a = const > since, due to 
the fact that To is defined modulo sign (e"'^ = ±1), each structure with To = a < 
is equivalent to the one with To — \a\. Inspecting all the possibilities we get the 
following theorem. 

Theorem 8.3. All locally nonequivalent structures (M, [A, /i]) of oriented con- 
gruences having vanishing twist, nonvanishing shear, and possessing a strictly 4- 
dimensional transitive group of symmetries are parametrized by a real constant 
a> as follows. 

• if < a < 1 they can be locally represented by 

7^, 



A = du, n^Ax + e^"^ 



' {a + i\Jl — 0^)^11 



if a 



1 they can be locally represented by 

A = du, ^ ~ dx + [i + 2u)Ay 
if a > 1 they can be locally represented by 
A ~ dii, 



= [{i + a) cos(u\/ Q!^ — 1) — i\/ — 1 sin(u\/ 



l)]da 



[{i + a) sin(u-\/ — 1) + i\/ — 1 cos{u\/ o? — l)]d?/. 



Here {u, x, y) are coordinates on M. The real parameter a > is just the invariant 
Tq = a and as such enumerates nonequivalent structures. 



8.2. Description in terms of the Cartan connection. Equations (|8.10p can 
be better understood in terms of the matrix uj of 1-forms defined by 

/2{n^Lu) \ 



n 



UJ fl — UJ,J 

TTOl) or as is 



V wi 

where the 1-forms (wi, wi, fi) are as in 

This matrix has values in the 4-dimensional Lie algebra 34 which is a semidirect 
product of two 2-dimensional Abelian Lie algebras 

/2x 0\ 



f)o = { 







X y 



x,yeR} 



\0 y xj 
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and 



/ o\ 



u + iv 



u,w e M }, 



\u-iv QJ 

for which the commutator is the usual commutator of 3 x 3 matrices. Thus 



(8.13) 



04 = t)0 © t)i, 

with the commutator between f)o and 



as the direct sum of vector spaces f)o and ()i 
f)i given by 

It turns out that due to the relations (|8.10p . a) is a Cartan connection on the 
principal fibre bundle R+ — > P ^ M, which has as its structure group a 1-parameter 
Lie group generated by the vector field pdp dual to Q. 

Remark 8.4. It is worthwile to note that the fibre bundle M+ P ^ M has some 
additional structure. Indeed, equations l|8.10p guarantee that P is foHated by 2- 
dimensional leaves of the integrahle 2-dimensional real distribution V anihilating 
forms wi and uji. Thus, locally, P has also the structure of a fibre bundle over the 
leaf space P/V. This is actually a principal fiber bundle Hq ^ P ^ P/'D, with 
the structure group Hq having [}o as its Lie algebra. 

Equations (|8.10p imply that the curvature R of the Cartan connection Cj is 



R = dOj 




where 



Ri 
Rz 



iKaUJi A tJi + (A'l — T'i)ti;i Aoj + {Ki — Ti)uji A uj 
TiUJi Alu + TiuJi A UJ 
iToLUi A OJ. 



In particular the absence of vertical flA terms in the curvature confirms our inter- 
pretation of (D as a 54- valued Cartan connection on P over M. 

The Cartan connection oj yields all the invariant information about the corre- 
sponding structures (M, [A, fi]) and can be used in an invariant description of various 
examples of such structures. In particular, the invariant decomposition (|8.13p may 
be used to distinguish two large classes (M, [A, /x])o and (M, [A,^])i of nonequiva- 
lent structures (M, [A, ^]). These are defined by the requirement that the curvature 
R of their Cartan connection Cj has values in the respective parts f)o for (Af, [A, ^])o, 
and [)i for (M, [X,fi])i. 

8.2.1. Curvature R e ()o. The curvature R of the Cartan connection oj resides in 
f)o iff it is of the form 

^2i?i 
i? = I Ri R2 
i?2 Ri / 
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An example of a structure (M, [A, /i]) with such R is given by the following forms 

uji = c''(dx + ie2("+/)d2/), 
LO — dit, 

O = dr + 2du + 2/^dx, 

with a real function / = /(x',y) of real variables x and y. These two variables, 
supplemented with the real u and r, constitute a coordinate system {u,x,y,r) on 
i?+ P ^ M. The triple (u, x, y) parametrizes il/, and r is related to the positive 
fiber coordinate p via p = . 

For each choice of a twice differentiable function / = f{x, y) the forms (wi, cDi, 17) 
satisfy the differential system (|8.10p with 

Ki = 0, Ti = 0, To = 0, 

and the relative invariant being 

A special case here is fxy = 0, in particular / = 0. If this happens the corresponding 
structures (M, [A,/x]) are all equivalent to the structure with 4-dimensional transi- 
tive symmetry group having a = in Theorem 18.31 If fxy 7^ 0, then ^ 0, and 
the corresponding structures have the curvature of the Cartan connection Co in the 
form 

\ 

= _e-2(-+"+/) ic^iAc^i 

\ i^xKuJxj 

As such they are special cases of structures with i? G l)o- We will retutn to them 
in Section [8.3.11 where we further analyze the case Kq ^ 0, Ti = and Ki = 0. 

8.2.2. Curvature i? G f)i. The case of i? G i)o is entirely characterized by the re- 
quirement that all the relative invariants ti,A:o,fci identically vanish. Examples 
of such structures are structures with a 4-dimensional transitive group of symme- 
tries given in Theorem 18.31 However these examples do not exhaust the list of 
nonequivalent structures having i? G To find them all we proceed as follows. 
We want to find all structures with 

/ 0\ 

[r3 , 

\R3 0/ 

i.e. those for which all the relative invariants Ti, Ki, Ka, as in l|8.10p . vanish: 
(8.14) Ti = 0, Ko = 0, A'l = 0. 

Assuming l|8.14p . equations (|8.10p guarantee that real coordinates u and r may be 
introduced on P such that 

Lu = du, n ~ dr. 

Then, taking the exterior derivatives of both sides of equations (|8.10p . we see that 
(|8.14p forces Tq to be a real function of u only. Denoting this function by a = a{u) 
we have 

To = a{u). 
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Integrating the system for such Tq, and denoting the tt-derivatives by primes, we 
get the following theorem. 

Theorem 8.5. A structure (M, [A,/i]) of an oriented congruence with vanishing 
twist, a= 0, nonvanishing shear, s 7^ 0, and having the curvature of its correspond- 
ing Cartan connection oj of the pure i)i type, i? e can be locally represented 
by 

X , , h . h.^ 

A = au, u = az — ( — + - — la—jaz, 
h h h 

where the complex function h = h{u) ^ satisfies a second order ODE: 
(8.15) h" + 2h' + {a^ +ia)h = 0. 

Here the nonequivalent structures are distinguished by the real invariant Tq = a{u). 
Note that if a{u) = const we recover the structures from Theorem 18.31 



8.3. The case Ti = 0. Now we pass to the general case Ti = 0. To proceed we 
have to distinguish two subcases: 

• Ki = 

. i^i ^ 0. 

8.3.1. The case Ki = 0. In this situation we have 

dO = iKouii A uji , 

with Kq given by (|8.11|) - (|8.12p . Since Kq is not identically equal to zero, because 
this correponds to the case ti = 0, fco = 0, fci = already studied, we use it to fix 
p by the requirement 

(8.16) Ko = sign(fco) = ±1. 

We note that this sign is an invariant of the structures under consideration. This 
implies that the structures with different signs are nonequivalent. 

After the normaHzation (|8.16p the forms (tJi, wi, w, 17) are defined as forms on 
M. Performing the standard Cartan analysis on the system l|8.10p . we verified that 
after pullback to Af it reads: 

dLu = 0, 

(8.17) du>i = [iB — A)uji A (Di + iTquji A u; + (Di A w, 
Auji ~ [iB + A)uji A [ii + cji A a; — iTocDi A w, 
d[(A + iB)uji + {A~ iB)uJi + w] = ±iuji A ui. 

Here the real functions A,B,To are the scalar invariants on M. They satisfy the 
following integrability conditions 

dA = [Ai + f (Bi + Bi ± l)]tJi + [Ai - i(Bi +Bi± + {A- BTo)uj 

(8.18) dB = BiUJi + BiUJi + {ATq - B)uj 
dTo A = 0, 

with the functions Ai (real) and Bi (complex) being the scalar invariants of the 
next higher order. In principle, we could have written the explicit fotmulae for 
all these scalar invariants in terms of the defining variables b, q, p and s of l|8.4p . 
We refrain from doing this, because the formulae are quite compHcated, and not 
enlightening. 
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We summarize these considerations in the following theorem. 

Theorem 8.6. All locally nonequivalent structures (M, [X, ^i]) of oriented congru- 
ences having vanishing twist, nonvanishing shear, with Ti = and Ki = 0, are 
described by the invariant forms (uj,lui, o)i) satisfying the system ^8.17]) - f8.18\) on 
M. 

Thus having a representative (A,^) of a structure with vanishing twist, non- 
vanishing shear and with Ti = 0, we always can gauge it to the invariant forms 
satisfying system l|8.17p - l|8.18p . The other way around: given two 1-forms lu and wi 
satisfying the system l|8.17p - l|8.18p . we may consider them as a representative pair 
{X = ll>, ^1 ~ ll>i) of a certain structure with vanishing twist, nonvanishing shear and 
with Ti = 0. 

The immediate consequence of the integrabilty conditions (|8.18p is the nonexis- 
tence of structures l|8.17p with a strictly 3-dimensional transitive group of symme- 
tries. This is because, if such structures existed, they would have consiani invariants 
A, B and Tq. Thus, for such structures the right hand sides of all the equations 
(|8.18p would be zero. But this is impossible, since in such a situation the second 
equation l|8.18p implies i?i = which, when compared with equating to zero the 
r.h.s of the first equation (|8.18p . gives contradiction. 

A family of nonequivalent structures (A/, [A, ^]) from this branch of the classifi- 
cation is given in Section 18.2.11 Indeed, consider the examples of this section for 
which 

f.v ^ 0. 

Since this guarantees that Ki ^ 0, and since we have Ti — Q and Ki ^ Q (and, 
what is less important for us here Tq = 0) for them, we may perform the above 
described normalization procedure on the invariant forms (cji, wi, w, il) defined in 
18.2.11 A simple calculation, based on the normalization 

(8.19) - e-2('-+"+/)/,, = ±1, 

leads to the reduction to M, where the invariant forms read: 

uj — du, 

c^i = e-("+/) ( T f.y) ^ (dx + ie2(«+/)d2/), 
c^i = e-("+/) ( T f.y) ^ (dx - ie^^^+f^dy). 
They satisfy the system l|8.17p - (|8.18p with the functions A and B given by: 

^ ~ 4 ( ~F fxy^ " i^f xf xy ^~ fxxyj ^ ^ 
= 4( T fxy) ^ i^fyfxy ~ fxyyjc ^ . 

These structures can thus be represented on M by 

X = du, ^X^dx + ic^ {n+f(x.y)) ^ 

The only scalar invariants for them are the functions A and B as above, since as 
we already noticed, the scalar invariant Tq identically vanishes, Tq = 0. 

Note in particular, that given a function / ~ f{x,y), two structures (M, [A,^]) 
with A, /i as above, corresponding to two different signs of fxy are nonequivalent. 
This is because the sign ± in l|8.19p is an invariant of such structures. 
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Remark 8.7. The structures described above belong to a subclass of structures for 
which the curvature R is much more restricted than to i)o. Since, in addition to 
To = 0, we have here Ti = 0, the curvature R is actually contained in the diagonal 
1-dimensional subalgebra of [)o. Moreover, since also Ki = 0, the curvature R does 
not involve loA terms. This means that in this example, similarly as in all examples 
with Tq = Ti = Ki = 0, the curvature of the Cartan connection uj is horizontal from 
the point of view of the principal fiber bundle Hq P P/V discussed in Remark 
18.41 Thus here, the Cartan connection lo can be reinterpreted as a g4-valued Cartan 
connection on the bundle Hq P ^ P/V . 

8.3.2. The case Ki ^ 0. If A'l ^ we can use definition (|8.1ip to scale it in such 
a way that it has values on the unit circle 



This fixes p uniquely, and the system l|8.10p is again reduced to an invariant system 
on M. This reads (with new A and B): 



duj = 0, 

dull = [iB - A)uji A + (1 - C + iT^)uji A w + (Di A 

(8.20) 

duji ~ [iB + A)uji A wi + A a; + (1 — C — iTo)CJi A uj, 

d[{A + iB)ui + {A- iB)uji + Cuj] = 
iKquji a (ii + c^''ulIi hu + c'^''uui A u. 

Here, all the real invariants are Tq, A, B, C, 7 and A'o are well defined functions 
on M. They are expressible in terms of the original variables defining the structure 
and the functions ko, ki of (|8.12p . In particular, 

ko 

To discuss the integrabilty conditions for the system l|8.20p we have to distinguish 
two cases: 



• either Ki = c'''' 7^ ±1, 

• or ifi = c^'' = ±1. 
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In the first case: 

dTo = iie'-^uji - e-'''^Lj2) + Tqou 

dA = + Ai) + A2]c^i + + A,) + A2pi + Aou 

dB = + Ai + iBi]LUi + l[-i^ + Ai- iBi]u;i + B^uj 

(8.21) 

AC = [-2A + AC + An + BTo + i{BC - AT^ + Bq) + c''^']uJl + 
[-2A + AC + A0 + BTo - i{BC - AT^ + Bq) + c"*'']cji + C^lo 

d7 = [i? + (A + 7i) cot 7 + i7i]wi + [i? + (A + 7i) cot 7 - i7i]a)i + 70^^^ 

di^o = KaiuJi + KoiLOi + 2[(A + 71) esc 7 + (1 - C)Kq\uj, 

and in addition to the the basic scalar invariants A'o, 7, A^ B, C, we have higher 
order scalar invariants Aq, Ai, A2, Bq, Bi,Co,jo,ji (all real) and Kqi (complex). 

In the second case, when e'''' = ±1, one of the integrabilty conditions is the 
vanishing of the scalar invariant A of l|8.20p , 

A = 0. 

The rest of the integrabilty conditions are 

dTo = ±i(uji ~ 0)2) + TooLj 

dB = [-^ + iBi]wi + \-^^ - iBi\uji + BqW 

(8.22) 

dC = [BTo + i{BC + Bo) ± \\uJi + 
[BTo - i{BC + Bo) ± + Cqw 

dKQ = Xoiwi + A'oiwi + 2[=fB + (1 - C)Xo]a;, 

with the new higher order scalar invariants Bo,Bi, Co (all real) and Koi (complex). 

Theorem 8.8. All locally nonequivalent structures {M, [A, /i]) of oriented congru- 
ences having vanishing twist, nonvanishing shear, with Ti = and Ki ^ 0, are 
described by the invariant forms {uj,uji,u)i) satisfying 

• either the system ^8.20]) . ^8.21]) on M , in which case Ki = c^^ 7^ ±1; 

• or the system 118.20]} . I18.22\} on M , in which case Ki = ±1 and A = 0. 

As it is readily seen fom the integrabilty conditions l|8.2ip . (|8.22p neither of 
these cases admits structures with a strictly 3-dimensional transitive symmetry 
group (look at the equations for dTo in (|8.2ip . I|8.22p . and observe that To = const, 
which impHes dTo = 0, is forbidden!). 
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8.4. The case Ti 7^ 0. To analyze this case we again start with the basic system 
(|8.10p and we assume that ti ^ 0. This assumption enables us to normalize Ti so 
that its modulus is equal to one. Thus now we require 

\Ti\ = l, 

which uniquely fixes p to be 

P=\ti\. 

After such normalization all the forms become forms on M and, depending on the 
location of Ti on the unit circle, we have to consider two cases: 

• either Ti = c^'' 7^ ±1, 

• or Ti = ±1. 

We analyze the Ti ^ ±1 case first. Here we easily reduce the system IjS.lOp to the 
following system on M: 

dtu = {e'^uji + e^'^LJi) A 
(8.23) doji = {iB - A)uji A wi + (1 - C + iTo)LJi A a> + wi A 

dtoi = {iB + A)lui a LUi + LUi a lu + {1 — C — iTo)uJi A uj. 

It has the following integrability conditions: 

dS = [5i + i{{B - 5i) cot (5 - A)]ui + [5i - i{{B - (5i)cot(5 - A)\uji + S^u 

(8.24) 

dTo A = 

{[Bo + BC - ATa + 2 sinJ + i{2A - AC - BTq - Aq + Ci) - 

[Bo + BC - ATo + 2sin(5 - i{2A - AC - BTq - Aq + Ci) - 
e-''^{To + iC)]Qi} ALU. 

Here, the new scalar invariants are: Tq, S, A, B, C (real), and the higher order scalar 
invariants are: So,6i,Bo (real) and Ci (complex). 

In the Ti = ±1 case the equations (|8.23p are still valid, provided that we put 

B = 0. 

This condition is imphed by Ti = ±1. Thus in this case the invariant forms satisfy 

duj ~ ±{lUi + LUl) A LU, 

(8.25) duji = -Alji a tJi + (1 - C + iTQ)uJi A + lji A w, 
d(Di = All>i a uJi + UJi a lo + {1 — C — «T'o)<^i A uj. 

The integrability conditions for this system are: 

dTo = Tqquj + 

(8.26) ((t1 - A)To + i{2A -AC-Ao + Ci± C))uji + 
((Tl - A)To - i{2A ^AC-Ao + Ci± C))cji, 

with the invariant sign equal to ±1, the new scalar invariants being: To,A,C (real), 
and the higher order scalar invariants being: Bo, Too (real) and Ci (complex). 
We summarize with the following theorem. 
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Theorem 8.9. All locally nonequivalent structures (A/, [A, /x]) of oriented congru- 
ences having vanishing twist, nonvanishing shear, with Ti ^ 0, are described by the 
invariant forms (tj, tJi, (Di) satisfying 

• either the system ^8.23\) . {8.24^ on M, in which case Ti = c"* 7^ ±1, 

• or the system (8.25]} . 118.26]} on M, in which case Ti = ±1. 



We pass to the determination of the structures with strictly 3-dimensional tran- 
sitive group of symmetries. 

Using the system l|8.23p . (|8.24p we easily establish that in the case Ti 7^ ±1 the 
structures are governed by the following system of invariant forms: 

duj = {e'^uJi + e~'^iJi) A lu, 

(8.27) dwi = — ^ — ^^^tt e'^^uji A c^i + (1 - C + isin2(5)wi A w + A u;, 

1 — C + cos 2o 

duJi = ^ „'^ e"^cJi A LOi + uJi A u) + (1 — C — isin 2S)Qi A uj. 

1 — C + cos 20 

In a similar way, if Ti = ±1, using the system (|8.25p . I|8.26p . we see that the 
structures with 3-dimensional symmetry groups are governed by the following sys- 
tem: 

duj = + oji) A UJ, 

(8.28) dwi = ±0^1 AuJi + iTquji Au + Qi Au, 
dwi ~ =Fwi A uJi + LOi A UJ ~ iTaUJi A uj. 

9. Nonvanishing twist and nonvanishing shear 

The Cartan procedure applied to this case is very similar to the one in Section 
[8] concerned with a = and s ^ 0. There, before the final reduction to three 
dimensions, the procedure stopped at the intermediate 4-dimensional manifold AI x 
M+ parametrized by the points of M and the positive coordinate p. In the present 
case, in addition to s 7^ 0, we also have a 7^ 0, which enables us to make an 
immediate reduction to three dimensions and thus to produce invariants on M. 
Explicitly this reduction is achieved as follows. 

We start with the general system l|5.ip of Section [H We have 

a 7^ 0, s^O 
and we again write the complex shear function s as 

s = \s\e''^. 

Now, for a chosen pair (A, ^i) representing the structure, we impose the conditions 

(9.1) duj Auj — iuJiAuJiAuj 

(9.2) duji AuJi = uji A uji A UJ 

on the Cartan frame 

UJ = /A, uji = pe'-'^fj., uji = pe""^/2. 

Note that l|9.ip is possible because of a 7^ and (|9.2p is possible because of s 7^ 0. It 
is a matter of straightforward calculation to show that these two conditions uniquely 
specify the choice of /, p and (j). To write the relevant formulae for /, p and (j> we 
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denote the sign of a by e"'', where e = or 1. Then having e"'^ = sign(a), these 
formualae are: 

and the forms (w, wi, wi) satisfy 

duj = iuji h uJi + kiLOi A Cij + kiCji A w 
(9.3) AbJi = k2U}i A [111 + ^3^1 A Lu + uji A ll! 

duJi = —1:2^^1 A uji + u)i A Lo + k^uji A UJ. 

Here the complex functions ki, fc2, ^3 are defined on M and: 

, ^ ib\s\ + 1^1) ^^J^-e.) 

. /U7T. /M3 



^ -(log |a|)^ + 2p - (log |s|)^ + zV;^ ^^^(^ 



ibfi - - ibp + ibp + c '^""[aKg - g - (log \s\)x + 
2|a||s| 



These functions constitute the full system of invariants of (M, [A, /i]) for a 7^ 0, 

Theorem 9.1. A given structure (Af, [A,/i]) of an oriented congruence with nonva- 
nishing twist, a 7^ 0, and nonvanishing shear, s ^ 0, uniquely defines the frame of 
invariant 1-forms u!,uji,uji and invariant complex functions ki,k2,kz on M. The 
forms and the functions are determined by the requirement that they satisfy the 
system 119.3]} . Starting with an arbitrary representative (A, /x) of the structure [A, /i], 
the forms are given by 



where the shear function is s = \s\e^^ . Here e"^'^, e = 0, 1, denotes the sign of 
the twist function a. The system 119. 3]) encodes all the invariant information of the 
structure (A/, [A,//]). 

We pass to the determination of all homogeneous examples with a ^ 0, s 0. 
Now the maximal dimension of a group of transitive symmetries is three. The 
structures with 3-dimensional groups of symmetries correspond to those satisfying 
system l|9.3p with all the functions /ci, fe, ^3 being constants. Applying the exterior 
differential to the system (|9.3p with fci , fc2 , k^ constants we arrive at the following 
Theorem. 

Theorem 9.2. All homogeneous structures (M, [A,/^]) with nonvanishing twist, 
a 0, and nonvanishing shear, s ^ 0, have a strictly 3-dimensional symmetry 
group and fall into four main types characterized by: 

I: k^ = 1. In this case there is a 2-real parameter family of nonequivalent 
structures distinguished by real constants x and y related to the invariants 
ki and /c2 via: 
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II: ks = e"^, < (f> < 2tt. In this case there is a 2-real parameter family of 
nonequivalent structures distinguished by real constants x, y which together 
with the parameter (j) are constrained by the equation 

cos 0(1 — 2xy + cos (f>) ~ 0. 

The invariants fci , fc2 , kg, are then given by 

ki = x{cot ^ + i) , k2 = —iy (cot ^ + i), k^ ~ cosci) + isiiKj). 

Ill: k^ + fca = 0, /ca 7^ ±«. In this case there is a 3-real parameter family 
of nonequivalent structures distinguished by real constants y' ^ ±1, x, y 
related to the invariants ki, k2, k^ via: 

ki = X + iy, k2 = ki ~ X — iy, ks = iy' . 

IV: jfesl ^ 1, ks + kz ^ 0. In this case there is a 3-real parameter family of 
nonequivalent structures distinguished by real constants x' ^ 0, y' , x, y 
constrained by the equation 

x'^ + y'^ + 2y'{x^ + y^) — 4.T?/ = 1. 

The invariants fci , fc2 , k^ are then given by 

ki^x + iy, k3 = x+iy, k2 = r^— . 

Among all the structures covered by the above theorem, the simplest have fci = 
fc2 = fcs = 0. This unique structure belongs to the case III above and is the flat 
case for the branch a 0, s ^ 0. We describe it in the following proposition. 

Proposition 9.3. A structure of an oriented congruence (M, [X, n]) with nonvan- 
ishing twist, a ^ 0, nonvanishing shear s ^ and having fci = fc'2 = fca = 0, may be 
locally represented by forms 

(9.4 A = dit + -^-^ dz + - — : dz, ^ = — — -dz - V2A, 

zz — 1 zz — 1 zz — 1 

where (u, z,z) are coordinates on M. This structure has the local symmetry group 
of Bianchi type VIII, locally isomorphic to the group SL(2,M). 

Remark 9.4. There are more structures with a ^ 0, s ^ 0, which have a 3- 
dimensional transitive symmetry group of Bianchi type VIII. It is quite complicated 
to write them all here. For example, among them, there is a 1-parameter family of 
nonequivalent structures with fci = fc2 = 0. They may be represented by 

,^ ^, , , KB™ - iz , Ke~*"+«z. ,2 2e™ , 

(9.5) \ = du-\ z — dz H z dz, M = ('^ — 1)^ dz — kA, 

zz — 1 zz — 1 zz — 1 

where k > 0, k 7^ 1. The only nonvanishing invariant for this 1-parameter family 
is fcs = — j(l — Jj-)- It may be considered as a deformation of the flat case above, 
which corresponds to k = ^/2. 

Remark 9.5. In a similar way, among all the structures with a 7^ 0, s 7^ 0, which 
have a 3-dimensional transitive symmetry group of Bianchi type IX, we may easily 
characterize those with fci = fc2 = 0. They may be represented by 

(9.6) A = duH ; dzH ; dz, ;i=(K^ + l)— dz - kA, 

zz + 1 zz + 1 zz + 1 

where k > 0. Here the only nonvanishing invariant is fcs = — i(l + -j^). 
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Remark 9.6. It is interesting to remark which of the structures IjQ.Sp . I|9.6p cor- 
respond to the flat CR-structure in the sense of Cartan. According to [Hj, they 
correspond to k = 0, \/2 in the l|9.5p case, and k = in the l|9.6p case. Thus in 
these cases the corresponding structures of an oriented congruence are locally CR- 
equivalent to the hyperquadric CR structure of Example I7.3[ with a nonstandard 
splitting, which causes the shear s 7^ 0. 

It is a rather complicated matter to describe which Bianchi types having a 3- 
dimensional transitive symmetry group correspond to a given homogeneous struc- 
ture with a ^ 0, s ^ 0. We remark that the groups of Bianchi types I and V are 
excluded for such structures. We also fully describe the situation for Bianchi types 
II and IV. This is summarized in the following theorem. 
Theorem 9.7. 

There are only two nonequivalent structures of an oriented congruence (M, [A,/i]) 
with a 0, s 0, which have a local transitive symmetry group of Bianchi type II. 
They may be locally represented by 

X ~ du + |(zdz — zdz), /i = dz ± V2{1 — i)X, 

where (u, z, z) are coordinates on M. The constant invariants are 

and the sign ±1 distinguishes between the nonequivalent structures. 

There are also only two 2-parameter families of nonequivalent structures of an 
oriented congruence {M,[X,^]) with a ^ 0, s ^ 0, which have a local transitive 
symmetry group of Bianchi type IV. They may be locally represented by 

X = y^^{du — logyda;), /.j = y^^d{x + iy) ± \/2(l — i)wX^ 

where {u, x, y) are coordinates on M and w ~ Rc(u') 4- ilm(u') ^ is a complex 
parameter. The constant invariants are 

I — i i , 1 + i i , + J 1 — 

s/2 2w v2 2w WW 

and the two real parameters Re(w) and Im(it;), together with the sign ±1 distinguish 
between the nonequivalent structures. 

Remark 9.8. We remark that the structures with a symmetry group of Bianchi type 
II are in a sense the limiting case of the two families of structures with Bianchi type 
IV. They correspond to the limit \w\ 00. 

10. Application 1: Lorentzian metrics in four dimensions 

In this section we use our results about oriented congruence structures to con- 
struct Lorentzian metrics in 4-dimensions. 

10.1. Vanishing twist nonvanishing shear case and pp-waves. Since our 
oriented congruence structures are 3-dimensional objects, we concentrate only on 
those structures, which in some natural manner define an associated 4-dimensional 
manifold. As we noted in the sections devoted to the Cartan analysis of the oriented 
congruence structures, in some cases, such as those described in Section [§1 the 
Cartan bundle P encoding the basic invariants of the structures is 4-dimensional. 
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So in this case, i.e. when the twist a = and the shear s 7^ 0, we have a 4- 
dimensional manifold naturally associated with the oriented congruence structure. 
Moreover, in such case the Cartan procedure provides us also with a rigid coframe 
of invariant forms (wi, wi, w, f2) on P. Using these forms we may define 

(10.1) g = 2loiQi + 2Lon, 

or, as suggested by the form of the associated Cartan connection, 

(10.2) g = 2uJiLji + 2uj{n-uj). 

These both are well defined Lorentzian metrics on P, which are built only from the 
objects naturally and invariantly associated with the oriented congruence structure. 

To be more specific, let us consider the structures with the curvature of the 
Cartan connection Rg f)i, as described in Theorem 18.51 In this case the bundle P 
is parametrized by {z, z, u, r) and the invariant forms are: 

f2 = dr, uj = du 

LUi = e*" (^hdz — (h! + h — iah)dlj 

LUi ~ (jidz — {h' + h + iah)dz^ , 

with functions a = a{u) (real) and h — h{u) (complex) satisfying the ordinary 
differential equation 18.151 Inserting these forms in the formulae l|10.ip - l|10.2p . we 
get the respective 4-dimensional Lorentzian metrics 

go = 2e^'' (^hdz - {h' + h- iah)dz^ (jidz - {h' + h + iah)dz^ + 2dwdr, 

and 

,g_i 2c^'' (jidz - {h' + h- iah)dz^ (hdz - {h' + h + iah)dz^ + 2du(dr - du). 

It turns out that both these metrics have quite nice properties. 
Actually, introducing a still bigger class of metrics 

gc = 2e'^''(hdz - {h' + h- iah)dEj (jidz - (/)' + h + iah)dz^ + 2du(dr - cdu), 

with c — const G M, one checks that they all are of type N in the Petrov classifi- 
cation of 4-dimensional Lorentzian metrics. This means that their Weyl tensor is 
expressed in terms of only one nonvanishing complex function ^£'4, called the Weyl 
spin coefficient, which reads 

^-4 = 2{ia - c - 1). 

All the other Weyl coefficients (^fQ, ^'2, ^3), which together with *4 totally 
encode the Weyl tensor of gc, are identically zero. 

Looking at the spin coefficient 4*4 we see that there is a distinguished metric 
in the class gc- This corresponds to c = — 1. In such case the Weyl tensor of g 
is just proportional to ^'4 = 2ia and we have a Lorentz-geometric interpretation 
of the invariant a = a{u) of the corresponding structure of the oriented congru- 
ence. Confronting these considerations with the results of Section [8.2.21 we get the 
following 
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Theorem 10.1. Every structure of an oriented congruence (il/, A,/i) with vanish- 
ing twist, a = 0, nonvanishing shear s ^ 0, and having the curvature R of its 
corresponding Cartan connection m t)i, defines a Lorentzian metric 

(7_i = 2a;i(I'i + 2lu{Q — uj), 

which is of Petrov type N or conformally flat. The nonequivalent metrics correspond 
to different structures of the oriented congruence, and the metric is conformally flat 
if and only if R = 0. 

Interestingly metrics g-i are conformal to Ricci flat metrics. The Ricci flat 
metric in the conformal class of g-i is given by 

g_i = J— ^ ( (Mz— ia/i)dz) (Mz— (/i'+/i+iQ;ft,)dz)+e~^''dit(dr— dw) ) , 

where i is a real constant. For each a ~ a{u) and for each solution h = h{u) of 
(|8.15p , the corresponding Ricci flat metric is the so called linearly polarized pp-wave 
from General Relativity Theory (see [10], p. 385). 

10.2. Nonvanishing twist — vanishing shear case and the Bach metrics. 

Another example of 4-dimensional Lorentzian manifolds naturally associated with 
the structures of oriented congruences appears in the nonvanishing twist - vanishing 
shear case, as we explained in Section 17.31 Actually in Section 17.31 we deflned 
conformal Lorentzian 4-manifolds equipped with the conformal class of Lorentzian 
metrics [gt], which are naturally associated with a congruence structure with twist 
and without shear. Here we study the conformal properties of these metrics. 

10.2.1. The Cotton and Bach conditions for conformal metrics. We recall that a 
Lorentzian metric g on a manifold M is called conformal to Einstein iff there exists 
a real function T on M such that the rescaled metric g = e^^g satisfles the Einstein 
equations Ric{g) = Kg. In the case of an oriented M with dimAf = 4 there are two 
necessary conditions [21 [8] for g to be conformal to Einstein (in algebraically generic 
cases [4] these necessary conditions are sufficient). To describe these conditions we 
denote by F the curvature 2-form of the Cartan normal conformal connection uj^g-^ 
associated with a conformal class [g] (see [7] for deflnitions). The curvature F is 
horizontal. Thus, choosing a representative g of the conformal class [g], we can 
calculate its Hodge dual *F and calculate the 6x6 matrix of 3-forms 

(10.3) D * F ^ F + ijjyg-^A*F - *F Aujyg-^ 

for the connection . This matrix has a remarkably simple form 

/O \ 

d*f^[q *]A, 

\0 / 

where is a vector-valued 3-form, the Hodge dual of the so called Yang-Mills 
current for the conformal connection wjg] . Having said this we introduce the 
vacuum Yang-Mills equation for the conformal connection 

(10.4) D*F = 

i.e. the condition that the Yang-Mills current j'' vanishes. It turns out that in 
dimM = 4 equations (|10.4p are conformally invariant. They are equivalent to the 
requirement that the Bach tensor of g identically vanishes OH]- This condition is 
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known |9| to constitute a first system of equations which a 4-dimensional metric g 
must satisfy to be conformal to Einstein. 

Another independent condition can be obtained by decomposing F into F = 
F+ © F", where *F± = ±iF^ are its selfdual and antiselfdual parts (note that i 
appears here as a consequence of the assumed Lorentzian signature). Decomposing 
the curvatures F"^ onto a basis of 2-forms {6*' A 6^} associated with a coframe {6**} 
in which g takes the form g = gijO^O^ , we recall that the second necessary condition 
for a 4-metric g to be conformal to Einstein is 

(10.5) [K^,F-,]=0 Vi, J, fc,Z= 1,2,3,4. 

Here [,] is the commutator of the 6x6 matrices F,^ and F^J^. We term (|10.4p the 
Bach condition and IjlO.Sp the Cotton condition [4]. 



10.2.2. Conformal curvature of the associated metrics. Now we calculate the Car- 
tan normal conformal connection and its curvature for the conformal metrics l|7.18p . 
We recall the setting from Sections 17. 2^ 17.31 The structure of an oriented congru- 
ence (Af, A, /i) with vanishing shear and nonvanishing twist defines a 5-dimensional 
principal fiber bundle H2 ^ P ^ M, on which the invariant forms (wi, wi, w, fl, fi), 
satisfying the system (|7.15p reside. There is another fiber bundle associated with 
such a situation. This is the bundle P ^ N with a 4-dimensional base N and 
with 1-dimensional fibers. The manifold N is in addition fibered over M also with 
1-dimensional fibers. The forms 

{9\0^,9\e^} = {uji,cji,u;,ti{n^n)} 

on P are used to define a bilinear form Gt ~ 2{6^6^ + 6^9'^) on P. Although this 
is degenerate on P, it projects to a well defined conformal class [gt] of Lorentzian 
metrics 

(10.6) gt^2{e^e'^ +9^9^) 

on TV, see (TTTS)) . 

One can try to calculate the Cartan normal conformal connection for the metrics 
gt on N itself, but we prefer to do this on the 5-dimensional bundle P instead. 
This is more convenient, since in such an approach we can directly use the coframe 
derivatives (|7.15p of the forms (wi, (Di, w, fi, f^) on P, without the neccessity of 
projecting them from P to N . 

Thus, in the following, we associate the dual set of vector fields (Fi, Ei, Eq, E2, E2) 
to (wi, wi,a;, r2, ft), and we will use them to denote the derivatives of the functions, 
such as the invariants Ki, K2 and K2. The conventions will be as follows: the 
symbols Kn = Ei{Ki) and K^i ~ Ei{Ki) will denote the directional derivatives 
oi Ki in the respective directions of the vector fields Ei and Ei. In particular K2IQ 
will denote Eq{Ei{K2)). 
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A (rather tedious) calculation gives the following expressions for the Cartan 
normal conformal connection ujt for the metrics gt on P: 



(10.7) ujt 
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Here the 1-forms 51 1 (real) and VI2 (complex) are 

0.1 = tKiO^ + ^9^, 0.2 = itKi9^ + itK29^, 02 
and the 1-forms {ri, r2, t3, r^} are: 

t1 = -i(5t-2)ifi02 + i(2itifii+X2(l-O)^' 
t2 = fi = -i(5t-2)A-i0i + i(-2i<ifii + X2(l-i))^' 
t3 = i(2^^^^:n -X2(i+ 1))0^ - K2*i-^ii +^2(t + 1))6'^ -^^A'20^ , 
i(4t-l)Xi03-i04. 

The next step, namely the calculation of the curvature Ft ~ dujt + ujt A tOt of 
u>t, is really tedious, but achievable with the help of symbolic calculation programs 
such as, e.g. Mathematica. The resulting formulae are too compHcated to display 
here, but the 5o(l,3)-part of the curvature, which is just the Weyl tensor of gt, is 
worth quoting. We present it in terms of the (lifted to P) Weyl spinors ^'o, ^'i, 
^'2, ^'3 and *4. These read: 



i(4t-l)Xi04 



(10.8) 



*o = 0, *i = 0, 

vI/2 = i(l-4t)A'i, 

«'3 = i(2ztA'ii + (3i-l)if2), 
4'4 = -itK2i. 



We have the following 



Proposition 10.2. Every metric gt with Ki = or t ^ j is of Petrov type III 
or its specializations. If t ~ ^ and Ki = 0, then the conformal class [gi/3] of the 
metric g^jz is of Petrov type N . 

Calculation of the Yang-Mills current j = jfj,9^ for ivt is also possible. Since the 
covariant derivative of the Hodge dual of the curvature Ft is horizontal with repect 
to the bundle P —>■ N, the current components j^, as viewed on P or on N, differ 
only by nonvanishing scales. The result of our calculation on P reads: 

,•1 _ 12 _ m /|+^^&' _ /)l o„-&- /34i 



f = |(4i-l)[A'i04 



ill03 



lK^^9^ - iifii02] - iji03 
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where 



= (l-4i)(l-12t)At + (7i-l)(A'ni+/^iii) 

jl ^ mt^{l^4t)Kf~m^KiiKij+S{l-t){l + 3t)\K2\'^ + 2{t + 2)K.2i3~ 
2At^Ki{K,,i + A^iii) + 2it{4~7t){K\iK2 - ATni^z). 

We have also calculated the Cotton matrices [Ff^j,F^^j] for each value of the 
real parameter t. We obtained formulae which are too complicated to write here. 
However we observed, that among all the parameter values for t, there are a few 
preferred ones for which the formulae simplify significantly. These special parameter 
values are: 

1 1 

Here we focus on t = — | and t = 1, for which we have the following theorem. 

Theorem 10.3. If t = or t ~ 1 and the relative invariant Ki = 0, then 
the conformal metrics [gt] satisfy the Bach condition. If in addition the relative 
invariant K2 7^ 0, the metrics are not conformally flat and do not satisfy the Cotton 
condition. If Ki = K2 = the conformal metrics (?_i/3 and gi have Ft = 0, i.e. 
they are conformally flat. 

The theorem can be verified by using the explicit formulae for the Yang-Mills 
current j^, the matrices [F^j,F^^j], and the integrability conditions for the system 
(j7.15p with Ki = 0. These integrability conditions, in particular, imply that K21 = 



We shall return to the other two interesting values t ~ l/i and t = 1/3 for gt 
below, where we consider examples. 

10.2.3. Examples. As noted above a particularly interesting class of structures 
(M, A, /i) corresponds to Ki = and K2 7^ 0. Looking at the list of our examples 
presented in Section [7] we find such a structure in Section [7!6l This corresponds to 
a special value of the parameter Pk = — 3^ in the family of structures described by 
the invariant system l|7.35p . and is locally represented by forms A, n as in l|7.37p with 
= — 33. Actually it is worthwhile to write the metrics gt for all the structures 
covered by l|7.37p . These metrics read: 

gt = gt{P) = 2d2:dz + 



and in addition to the real parameter t, they are parametrized by the real parameter 
P which enumerates nonequivalent structures {M, A,//). 

These are quite interesting conformal Lorentzian metrics for the following rea- 
sons. 



0. 




First, if 



1 



P = (3k 



= -33 
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we have Ki = 0, and according to Theorem I1Q.3| the metrics 

5-i/3(-3^) = 2dzdz- 

2-3^e3*™-iz, 2-3^6-3*™ +i2 

du H ■. 5— dz H 5 — dz 

3i(zz + 2-3i) 33(zz + 2-3t) 

(zz + 2-33)2/ , 2(338^^™ +iz) 2(3*c-3^"' -iz) 



f 2dr - ^^-^^^ r^^dz - '^''^ :''Uz) , 

18-3t V zz + 2-3t zz + 2-3§ ^ 



and 



51 (-3 3) 2dzdz + 

2-3^e3*™-iz, 2-336-33™ 

du H ; 5— dz H 5 5 — dz 

3i(zz + 2-3i) 33(zz + 2-3t) 

(zz + 2-3i)2/ , 2(33c3*™ + iz) , 2(3^e-3*» _ i^) 

■, 2dr 5 dz 5 dz 

6-3* V zz + 2-3i zz + 2-3t 

are Bach flat. Since the invariant K2 of the corresponding structures (M, A, /i) 

is nonvanishing, they are also not conformal to any Einstein metric. Note that, 

1 1 

again because of Ki = and K2 7^ 0, both metrics gi{—33) and 5-i/3(— 33) are 
of general Petrov type /// (see Proposition 110. 2p . As far as we know, they both 
provide the first explicit examples of conformally non Einstein Bach metrics which 
are of this Petrov type (compare e.g. with [16]). 

1 

Second, note also that, since A'l = for /Jk ~ —33 , the metric (7i/3(/3if ), with 
now t = +1/3, is also quite interesting. According to Proposition [Tn21 this metric is 
of Petrov type N. In gravitation theory it would be also termed twisting type N (see 
[10]). It is not conformal to any Einstein metric, since for all metrics gt[fiK) the 
Bach tensor Bt{Pk), when expressed in terms of the coframe {9^, 6'^, 6^, 6*^), reads 

B,(_33) = 25.34 jt-m+jit) ^3 Q 

(zz + 2-33)6 

This obviously does not vanish, when t = 1/3, hence the metrics gi/3{(3K) are 
examples of twisting type N metrics, which are not conformally Einstein. 

Third, suggested by the structure of the Weyl tensor l|10.8p for all the metrics 
gt we specialize the metrics gt{(3) to the case when t = j. The Yang-Mills current 
for this special case may be read off from the general formulae from the previous 
section. Here however we prefer to give the explicit formulae for the Bach tensor 
for 5i/4(/3). Here again the Bach tensor Bi/4(/3) for these metrics has a very simple 
form 

/36(/36 + 36/33 + 36) 

2^32(2 + /33))6 ^ ®^ • 
As is readily seen this vanishes for the following two real values of (3: 

/?Si =- (6(3 + 2 V2))i /3s, = -(6(3-2x/2)i 

Thus the two corresponding metrics 51/4 (/JsJ, and gi/ 4(^82) are further examples 
of Bach Lorentzian metrics, which are again of Petrov type III. One can check by 
direct calculation that they are also not conformal to any Einstein metric. 
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Motivated by this last example we calculated the Bach tensor for all the metrics 
5i/4 (not neccessarily those associated with the /?-parametrized-structures l|7.37p ). 
This calculation leads to the following 

Theorem 10.4. If t = j and a structure (Af, A, /i) with nonvanishing twist and 
vanishing shear has the relative invariant Ki satisfying 

Km + R\ii = 0, 

then the Bach tensor Bt of the metrics gt corresponding to the structure (M, X,fi), 
as defined in !110.6\) . has a very simple form 

Si/4 = ^ {iKuKn + 2i{KnK2 - KnK-i) - 7K2K2 - HK^ia + K210)) 6^ 0', 
in which nine out of the apriori ten components, identically vanish. 

Apart from the structures with Ps^ and Ps^ we do not know examples of struc- 
tures satisfying condition Km + Km = 0- 

11. Application 2: Algebraically special spacetimes 

All the metrics discussed in Section[lO]are examples of algebraically special space- 
times. These are 4-dimensional Lorentzian metrics, whose Weyl tensor is degenerate 
in an open region of the spacetime. The algebraically special vacuum (or in other 
words: Ricci flat) metrics have the interesting property that they define a congru- 
ence of shearfree and null geodesies in the underlying spacetime. At this stage we 
must emphasize that the congruence associated with such metrics lives in four di- 
mensions and the vanishing shear and the geodesic condition is a four dimensional 
notion here. Nevertheless we observe that the 3-dimensional oriented congruences 
in our sense are related, at least at the level of the Lorentzian metrics discussed so 
far, to an analogous notion in 3+1 dimensions, where the metric is of Lorentzian 
signature. In this section we discuss this relationship more closely. Note that in 
all the examples of Section [10] the /owr-dimensional congruence of shearfree null 
geodesies was always tangent to the vector field k = dr. 

Before passing to the subject proper of this section we remark that the alge- 
braically special Lorentzian metrics are very important in physics. To be more 
specific we consider the metric 

(11.1) g = 2(v'^^ifi + A(dr + + + ^A)) , 

where 

i{2M + {a + M)zz) i{2M + {a + M)zz) 
A = dw + -^^ ; y — -Az i — — — -dz, ^ = dz, 



Z(l + fzz)2 2(1 + ^^^)2 



2 {KM -a + {KM + a)^;Zz) 



(11.2) W = 



(l + fzz)2 (l + fzz)4 

iKaz 



(1 + f ZZ)2 



K 



n 



mr + KM^ - aM ^ 

1 i J 

2 „ (KM-a+(KM+a)^zz) 
r2 + -^ '-^-^ 
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and m, a, M, K are real constants. 

This scary-looking metric has very interesting properties. First, it admits a 4- 
dimensional congruence of null and shearfree geodesies, which is tangent to the 
vector field k = dr. Second, if 7^ = 1, it is algebraically special, actually of Petrov 
type D, and more importantly, it is Ricciflat. The parameter values K~l ^ AI = 0, 
correspond to the celebrated Kerr metric, describing a gravitational field outside a 
rotating black hole, with mass m and angular momentum parameter a. In this case 
the angular momentum parameter a measures the twist of the congruence tangent 
to k. If in addition a = 0, the twist of the congruence vanishes, and the metric 
becomes the Schwarzschild metric. Third, in the K— 1 = a = m = case the metric 
is the Taub-NUT vacuum metric, which is important in Relativity Theory because 
its serves as a 'counterexample for almost everything' [13]. Fourth, it should be 
also noted that if M = and the other parameters, including K, are arbitrary, the 
metric is again type D and Ricci flat. Finally, we should mention that for general 
values of if 7^ 1 and M ^ the metric is algebraically general and neither Ricci 
fiat nor Einstein. 

From the point of view of our paper the relevance of the metric (|ll.ip - (|11.2p is 
self evident. The four dimensional spacetime M on which the metric is defined, 
locally parametrized by {u,z,z,r), is locally a product M = M x M., with M 
being parametrized by {u,z,z). The 3-dimensional manifold M is then naturally 
equipped with the oriented congruence structure (Af, A, /i), defined in terms of the 
1-forms X,fi from l|11.2p . Note that these forms, although defined on A^, do not 
depend on the r coordinate, and as such project to M. Note also that the oriented 
congruence structure defined by these forms has always vanishing shear s = 0. It 
has nonvanishing twist, with the exception of the Schwarzschild metric a = A/ = 0, 
or the case when K ~ and M + a = 0. In this last case the metric is of Petrov 
type D, but is neither Ricci fiat nor Einstein. 

Since in the case of Ricci flat metrics l|ll.ip - (|11.2p only the Schwarzschild metric 
has the corresponding structure of an oriented congruence with vanishing twist, in 
the next sections we decided to make a systematic study of the Lorentzian metrics 
(|ll.ip (not necessarily of the form l|11.2p ). with forms A,/i defining an oriented 
congruence structure in three dimensions which have vanishing shear, but nonvan- 
ishing twist, only. Actually, for the sake of brevity, we only discuss the case when 
the structural invariants Ki and K2 of the congruence structures, as defined in 
Section [7H satisfy Ki =^ 0, K2 = 0. 

11.1. Reduction of the Einstein equations. As we know from Section fT.SI every 

structure (M, [A, fi]) having A'l 7^ 0, K2 = defines an invariant coframe {uj, ujijOji) 
on M which satisfies the system (|7.29p . (|7.3ip . Given such a structure we consider 
a 4-manifold = R x AT with a distinguished class of Lorentzian metrics. These 
metrics can be written using any representative of a class [A, fi]. Since the invariant 
forms {u), LJi ) provide us with such a representative it is natural to use them, rather 
than a randomly chosen pair (A, /x). Thus, given a structure {AI,[X,fi]) having 
Ki ^ 0, K2 = 0, we write a metric on 

(11.3) M^RxM 

as 



(11.4) 



g = [ 2luilui + 2w(dr + Wlui + Wlui + Huj) ]. 
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Here the forms (oj, oji, wi) satisfy the system (|7.29p . I|7.3ip . r is a coordinate along 
the M factor in M, and P ^ 0, H (real) and W (complex) are arbitrary functions 
on M. 

The null vector field k = dr is tangent to a congruence of twisting and shear-free 
null geodesies in A4. This is a distinguished geometric structure on A4. 

Now we pass to the question if the metrics (|11.4p may be Einstein. To discuss 
this we need to specify what is the interesting energy momentum tensor that will 
constitute the r.h.s. of the Einstein equations. Since the only geometrically dis- 
tinguished structure on M is the shear-free congruence generated hy k = dr it is 
natural to consider the Einstein equations in the form 

(11.5) Ric{g)^^kQk. 

If the real function $ satisfies $ > the above equations have the physical inter- 
pretation of a gravitational field of 'pure radiation' type in which the gravitational 
energy is propagated with the speed of light along the congruence k. If $ = we 
have just Ricci-fiat metrics, which correspond to vacuum gravitational fields. This 
last possibility is not excluded by our Einstein equations. In the following analysis 
we will not insist on the condition $ = 0. 

At this point it is worthwhile to mentioned that a similar problem was studied 
by one of us some years ago in [H]; see also the more modern treatment in [6]. 
Using the results of [H [O] and the symbolic calculation program Mathematica, we 
reduced the Einstein equations (|11.5p to the following form: 

First, it turns out that the Einstein equations (|11.5p can be fully integrated along 
k, so that the r dependence of the functions P, H, W is explicitly determined. 
Actually we have: 



(11.6) W = iac-''' + (3 

where the functions p, x (real) and a, /?, m (complex) do not depend on the r co- 
ordinate. Thus, using some of the Einstein equations l|11.5p . one quickly reduces 
the problem from A1 to a system of equations on the CR-manifold with preferred 
splitting (M, [A, Ai]). 

Now we introduce a preferred set of vector fields {do, d, d) on M defined as 
the respective duals of the preferred forms (w, wi, wi). Note that this notation 
is in agreement with the notation of CR-structure theory. In particular d is the 
tangential CR-operator on M, so that the equation for a CR-function ^ on M is 
9^ = 0. 

With this notation the remaining Einstein equations (|11.5p for ds^ give first: 
a = 2(91ogp — c) 

(11.7) P = 2i{dlogp-2c- Ai) 

— — — TTl 

(j) = {d + Ai+iBi+ ii3)a - 4— 

P 

X = ^aa + 2i{d + Ai-iBi)(3-2i{d + Ai+iBi)l3T^, 

where we have introduced a new unknown complex function c on M and used the 
Cartan invariants Ai > 0, Bi and ±1 of the system (|7.29p . I|7.3ip . 
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Finally the differential equations for the unknown functions c, m and p equivalent 
to the Einstein equations (|11.5p are: 

(11.8) {d - 3Ai + iBi)c - 2c2 + an - Af + |Ai(3Bi + Bi) ^ 

(11.9) (<9-6c)m = 

(a + 3Ai - iBi)dp +{d + 3Ai + iBi)dp + 
-3[(9 + 3Ai -iBi)c+ {d + 3Ai+iBi)c + 2cc + 

(11.10) f^? + |aii + f Ai(Bi-Bi)±i]p = 

m + m 



We thus have the following theorem. 

Theorem 11.1. Let (Af, [A,/i]) be a structure of an oriented congruence having 
vanishing shear, nonvanishing twist and the invariants Ki ^ 0, K2 = 0. Then a 
Lorentzian metric associated with (M, [X, ^i]) via ^1.3]} - fll.4}^ satsifies the Einstein 
equations llll.5\} if and only if the metric functions are given by means of ^TTEj)- 
/lll.7\} with the unknown functions c,m (complex), p (real) on M satsifying the 
differential equations ^1.9) - fll.lO\) . 

Remark 11.2. Note that contrary to the invariants [uj^uji^oji) the coordinate r, 
and in turn the differential dr, has no geometric meaning. Actually the coordinate 
freedom in choosing r is r ^ r + /, where / is any real function / on M . This 
induces some gauge transformations on the variables /3 and x- Nevertherless the 
equations l|11.8p - l|11.10p are not affected by these transformations. 

Remark 11.3. Equations l|11.8p - (|11.10p should be understood in the following way. 
Start with a structure of an oriented congruence (Af, [A, ^]) having vanishing shear, 
nonvanishing twist and the invariants Ki ^ 0, K2 = 0. Calculate its invariants 
(WjWijCJi), {do,d,d), Ai, Bi, an of l|7.29p . I|7.3ip . Having this data write down 
equations l|11.8p - l|ll.lQp for the unknowns c,m,p. As a hint for solving these equa- 
tions observe that the equation l|11.8p involves only the unknown c. Thus solve it 
first. Once having the general solution for c insert it to the equation l|11.9p . Then 
this equation becomes an equation for the unknown m. In particular to = is 
always a solution of l|11.9p . Once this equation for m is solved, insert c and to 
to the equation (|11.10p . which becomes a real, second order equation for the real 
unknown p. In particular, if it happens that you are only interested in solutions for 
which to + to = 0, this equation is a Hnear second order PDE on M. For particular 
choices of {M, [A, /i]) it can be reduced to well known equations of mathematical 
physics, such as for example the hypergeometric equation |14j . 

Remark 11.4. The unknown variable to is related to a notion known to physicists 
as complex mass. For physically interesting solutions, such as for example the Kerr 
black hole, the imaginary part of to is related to the mass of the gravitational 
source. The real part of to is related to the so called NUT parameter. Moreover 
TO is responsible for algebraical speciaHzation of the Weyl tensor of the metric. If 
TO = the metric is of type III, or its speciaHzations, in the Cartan-Petrov-Penrose 
algebraic classification of gravitational fields. 
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11.2. Examples of solutions. Here we give examples of metrics (|11.4p satisfying 
the Einstein equations (|11.5p . In all these examples the structures of oriented 
congruences (M, [A, /x]) will be isomorphic to the structures with a 3-dimensional 
group of symmetries described by Proposition 17. 161 The invariant forms (uj,uji,loi) 
for these structures are: 

i ^ 4r~ 

(11.11) bJi^±iTy^^{dx + idy), 
wi = ^iTy~^{dx — idy). 

We recall that the real parameter r is related to the invariants Ai, Bi of the 
structures (|ll.lip via: 

Tl + 2t^ . 

Ai = , Bi = IT. 

2t 

Since these invariants are constant, all the higher order invariants for these struc- 
tures, such as for example the an in l|7.3ip . are identically vanishing. Although 
Propsition 17.161 excludes the values = i in the upper sign case, we include it 
in the discussion below. This value corresponds to =0 and therefore must 
describe one of the two nonequivalent structures {M, [A, /i]) of Example 17.71 From 
the two structures of this example, the one corresponding to t'^ = | is defined by 
(eije2) = (0, 1). In particular, it has a strictly 4-dimensional symmetry group. 

First we assume that the metric l|11.4p has the same conformal symmetries as 
the structures (|ll.lip . This assumption, together with Einstein's equations l|11.5p . 
which are equivalent to the equations l|11.6p - (|11.7p . (|11.8p - l|11.10p . implies that 
all the metric functions p,m,c must he constant. Then the system l|11.8p - i|11.10p 
reduces to the following algebraic equations for m,p, c: 

(11.12) (-3Ai + iBi)c - 2c^ - Al + |Ai(3Bi + Bi) = 

(11.13) cm = 

(11.14) 3[(3yli - iBi)c + (3^i + ii?i)c + 2cc + 
fA? + fA,(5,-B0±i]p=^. 

Thus we have two cases. 

• Either c = 

• or 771 = 0. 

Strangely enough in both cases equations l|11.12p - (|11.14p admit solutions only for 
the upper sign in l|11.14p . 

If c = then we have only one solution corresponding to r ±^ with arbitrary 

4 

constant p ^ and m = ^ + iM , where M is real constant. The corresponding 
metric 

= ^!.^[^^!±^ + 2(— -du)(dr-2cos2r(cosr + 4Msinr)(— -du)] 

cos^ ^2 y^ y y 

is vacuum i.e. it satisfies equations (|11.5p with $ = 0. 

If m = then p ^ is an arbitrary constant, and we have the following solutions: 
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^ V5 + 62^/17, c = - 



V5+C2\/T7' 



• T = fy'i(7 + 62^17), c = fy'i(7 + e2^/T7)(3 + e2^/T7). 

Here e\= e\ = 1. Sadly, irrespectively of the signs of ei, £2, all these solutions have 
$ = const < 0, and as such do not correspond to physically meaningful sources. 

As the next example we still consider structures (A/, [X,fj]) with the invariants 
(|ll.lip . and assume that the metrics have only two conformal symmetries 9„ and 
dx- For simplicity we consider only solutions with m = in (|11.9p . Under these 
assumptions we find that the general solution of l|11.8p - (|11.10p includes a free real 
parameter t and is given by 

-2 + 4r2 1 - 4t2 1 

with the real function p = p{y) satisfying a linear 2nd order ODE: 

4y{y-ty^^')^ [yp" + (4r2 - 2)p' ] + 
(11.16) [(-32t'' + 20t2 - l)y2 + 4t2(4r'^ - 7t^ + 2}y^^^ - 

16t{8T^ - + l)y(4r'+i)]p = 0. 

If this equation is satisfied, the only a'priori nonvanishing component of the Ricci 
tensor is 



R 



33 



cos(§) \i 
T{y - ty'^^'^)p^ 



- 3)(128r6 - 160t'' + 92r2 - 2\)y^ + 

8iV2(32r*^ + Br* - 28r2 + g)?/^^^' + 
4t(8r2 ~ 3)(256rS - 248t4 + SBr^ + 3)?/^+''^' + 
36i2(4r4 + r2 - 1)(32t4 - 12r2 - l)y2+8-' + 
16iV2(128T^ - 184r'* + 122t2 - 27)^^+^^^')^^ - 
4y(y - ty'*"')((8r2 - 3)(16r4 - 3)2/^ + ^^r'^il^T^ ~ 3)y^^^" + 
6i(8r2 - 3)y2+4r' + 96iV2(l - 2r2)2yi+8-')pp' + 

V(y - %'^')'((8r2 - 3)y + 4tr2y4^yp'2) . 

It follows that this R33 , with p satisfying i|11.16p , may identically vanish for some 
values of parameter r. This happens only when the parameter t = 0. If 

t = 

the values of t for which R33 may be identically zero and for which the function 
P = p{y) satisfies l|11.16p are: 



T-^±yU^l-VT3), T+ = ±i^i(ll + ^/T3). 

Of these distinguished values the most interesting (modulo sign) are the last two, 
r_ and r+, since for them the corresponding metrics (|11.4p may be vacuum and 
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not conformally flat. Actually, restricting our attention to the plus signs above and 
assuming t = 0, we have the following possibilities: 



2i; g(ll + £\/l3), e = ±1; for these two values of r the general 
solution of l|11.16p is 

and the only potentially nonvanishing component of the Ricci tensor is 

\S2 + siy/ 

This vanishes when S2 = 0. If S2 = the corresponding metrics g^, as 
defined in l|11.4p . read 

g, = 2P'- {lo.Co, +u;{dr + Woj^ + WuJ^ + 3±(£^|i£££I^)^ , 

with 

P - W - ,- 2(20T^'-9) + (8rf-9)e-''- 

— T , W — I 2473 , 

cos 2 '^'i^ ^ 

and ll!,llIi,uji given by (|ll.lip . For both values of e = ±1 the metric is 
Ricci flat and of Petrov type ///. In particular it is neither flat, nor of 
type N. 

In all other cases of the distinguished rs the corresponding vacuum metrics are the 
flat Minkowski metrics. In fact, 

• if T = i y^, the general solution to l|11.16|) is 

P = siVy + S22/, 
and the corresponding metric l|11.4p is flat. 

• if r = i y^, the general solution to i|11.16p is 

2 

p = y3{si + S2 logy), 
and the potentially nonvanishing Ricci component R33 is 

R33^-jSS2{2si + S2 + 2s2\ogy)y ^ 

■(si + S2 logy)y3 

This vanishes when S2 = 0. In such case the metric is flat 
if r = 5"\/2, the general solution of l|11.16p is 

P= Vvisi + S2 logy), 

and 

^33 = I , , 

this vanishes when S2 = 0; in such case the metric is flat, 
if r = 5\/3, the general solution of Ijll.lGp is 

p = siy + S2y~^, 

and 



R33 = ~32sly' (^^) 
Vs2 + siy^J 
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p= — v/£(-1 + 20t2-32t4) 



this vanishes when S2 = 0; in such case the metric is the flat Minkowski 
metric. 

We close this section with an example of a metric that goes a bit beyond the 
formulation of the Einstein equations presented here. Remaining with the structures 
of an oriented congruence with the upper sign in (|ll.lip . we take c as in Ijll.lSp 
with t = 0, and consider the metric l|11.4p . (|11.6p . (|11.7p with a constant function 
p given by 

4sr 

Here the e is ±1, and is chosen to be such that the value e(— 1 + 20t^ — 32r^) is 
positive; s is a nonzero constant. A short calculation shows that the Ricci tensor 
for this metric has the following form 

, , , 16A(4t2 + 1) cos'' ^ 

mc = ir^ - 1)(8.^ - 5) 3.2(1, 20.2 + 32.V ^ ' + 

Thus, this metric is Einstein, with cosmological constant equal to A = es^, provided 
that 

r = ±l, or T = ±iy^. 
It is remarkable that the Einstein metric 

g = -^Ali^(-i-i + -(d- + ^^^-1 - ^^-1 + 1^(3 + 2cosr).)), 



corresponding to r = |, is of Petrov type N with the quadruple principal null 
direction of the Weyl tensor being twisting. It was first obtained by Leroy [11] and 
recently discussed in [17]. The Einstein metric 

39 



8Acos2§ 



(u^oji +uj{dr+ ii2lZ±f)^^ _ ikLl+^Cji + 1(3 + 2cosrV)) , 



corresponding to r = ±1 is of Petrov type ///. 

11.3. Discussion of the reduced equations. Here we discuss the integration 
procedures for equations (|11.8p - (|11.10p along the lines indicated in Remark 111.31 
We start with equation (|11.8p . This is an equation for the unknown c. Remarkably, 
the existence of a function c satisfying this equation is equivalent to an existence 
of a certain CR function 77 on M. To see this we proceed as follows. We consider a 
1-form n on M given by 

(11.17) n = + 2i(Ai + c)w, 
where c is an arbitrary complex function on M . Of course 

(11.18) n AH 7^0, 

since otherwise the forms ui and ui would not be independent. Now using the 
differentials duj, dwi, AAi given in (|7.29p . I|7.3ip . we easily find that 

dn A n = 2i [ (a - SAi - iBi)c - 2c^ + an - A? - |Ai(3Bi + Bi) ]uji A wi A 

Thus our equation l|11.8p is satisfied for c if and only if dll A H = 0. Due to our 
Lemma 15.11 11 satisfying dE A H = defines a complex valued function 77 on M 
such that n — hdr]. Because of (|11.18p we have hhdr] A d^ 7^ 0. Furthermore, since 
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n is given by l|11.17p then 11 A w A cJi =0, which after factoring out by h gives 
d-q /\ uj /\ uji ~ 0. Thus ry is a CR-function on M . 

Conversely, suppose that we have a CR-function 77 on M such that 

(11.19) d77Ad77 7^0. 

Then the three one forms uji, to and drj are linearly dependent at each point. Thus 
there exist complex functions x, y on M such that 

(11.20) drj ~ XLOi + yuj. 

Due to the nondegenarcy condition (|11.19p we must have xxuji A cji + xyoji Alu — 
xyuJi A w 7^ 0, so that the complex function x must be nonvanishing. In such case 
we may rewrite (|11.20p in the more convenient form hdrj = wi + zoj, where h = 1/x 
and z = y/x. Now, defining c to he c = ^ ~ see that the trivially satisfied 

equation (/idyy) Ad(/id77) = implies that the function c must satisfy equation l|11.8p . 
Summarizing we have the following proposition. 

Proposition 11.5. Every solution i] of the tangential CR equation dri — satis- 
fying drj A drj ^ defines a solution c of equation ^T7^. Given rj, the function c 
satisfying equation ill.8\} is defined by 

(11.21) c=^^-^i, 

2 X 

where drj ~ xuji +yuj. Also the converse is true: every solution c of equation il 1 . 
defines a CR function rj such that drj Adf] ^ Q. 

Remark 11.6. Recall that the structures (A/, [A, /i]) satisfying the system l|7.29p . 
(|7.3ip admit at least one CR-function C, since they have zero shear s = 0. Asso- 
ciated to C, by the above Proposition, there should be a solution c of the Einstein 
equation (|11.8p . One checks by direct calculation that 

c = -Ai 

automatically satisfies l|11.8p . And this is the solution c asociated with C,. This is 
consistent with formula (|11.2ip , since y = means that drj AdC, = Q (compare with 

We now pass to the discussion of the second Einstein equation l|11.9p . Equa- 
tion (|11.9p . the equation for the function to, has a principal part resembfing the 
tangential CR-equation. Remarkably its solutions to are also expressible in terms 
of CR-functions. To see this consider an arbitrary complex valued function ^ and 
define m to be 

(11.22) m = [ 9o€ - 2i(^i + c)dS, + 2i{Ai + c)d£, f. 

Here c is supposed to be a solution to the first Einstein equation (|11.8p . Observe, 
that since the vector field 9o ~ 2i{Ai + c)d + 2i{Ai + c)d is real, then given to one 
can always locally solve for ^. Our goal now is to show that if ^ is a CR-function 
on Af, then to given by l|11.22p satisfies equation l|11.9p . To prove this one inserts 
(|11.22p into equation l|11.9p and commutes the operators i9i9o and dd. After this is 
performed the equation l|11.9p for m becomes the following equation for ^: 

(9o + 2id{Ai +c) + 2i{Ai + c)d - 2i{Ai + c)d - 4ic(^i + c) + Ai - iBi)dS, = 0. 

This, in particular, means that if ^ is a CR-function then this equation is satisfied 
automatically. Thus given a CR-function ^, via l|11.22p . we constructed to which 
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satisfies equation Ijll.Qp . To see that all solutions m of (|11.9p can be constructed 
in this way is a bit more subtle (see |6]). 
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